document 



resume 



I 



SE 005 623 

ED 025 423 

of^ducat(orw Brooklyn, N-Y. Bureau of Curriculum Development. 

Pub Date 66 

JJSwfLrN-. York City Board of Educate Publications Sa.es Office. 110 Livingston Street. Brooklyn 
New York 1 1201 ($200). 

EDRS Price MF-S1.25 HC Not Available from EDRS. ru„.l«n«M»t Curriculum Guides. »Elementary 

^Mat'f^ct SyS'sttf«Cr P .s .Hematic, Number Concepts. -Teaching 

Guides 

bStSU is one of * pta~«d sortes rfU * <***$*££!, 

the needs of teachers and supervisors who are working to '™P ro ® . meet the 
level of mathematics. The material has be ® n f .P'?™* d dasses In addition to the 

units are sequentially planned and follow a spiral pattern Object ves for each un.t 
are stated This is the first part of a two part bulletin for Grade 5. <RP> 



U.s. DEPARTMENT OF HEALTH, EDUCATION & WELFARE 
OFFICE OF EDUCATION 



THIS DOCUMENT HAS 8tEH REPRODUCED EXACTLY AS RECEIVED FROM 1HE 
PERSON OR ORGANIZATION ORIGINATING IT. POINTS OF VIEW OR OPINIONS 
STATED DO NOl NECESSARILY REPRESEN1 OFFICIAL OFFICE OF EDUCATION 
POSITION OR POIICV. 










r~ 




n 




has 



n n rr 



‘•Nil 



/ of 

(.!» r\ » * 



r.a • 



'■’* ri Ill 

. ry\ *0 

^ , ..I - ,-jri re- 
^ rr » : 

/*« 






ar/ 

■v d Kc:i >o.. 



Copies of this publication may be purchased from: Board of Education of the City 
of New York! Publications Sales Office, 110 Livingston Street, Brooklyn 1, 
New York. Checks should be made payable to: Auditor, Board of Education. 

Price: $2.00. 




O 

ERIC 



WA 






Hi 



Ml 





Curriculum Bulletin 
1966-1967 Series 
Number 5a 




BOARD OF EDUCATION OF THE CITY OF NEW YORK 



" >**&&*** 




Board of Sducation 



Lloyd K. Garrison, Pres. 

Alfred A. Giardino, Vice-Pres. 

Joseph G. Barkan 
Aaron Brown 

Mrs. Rose Shapiro 



Thomas C. Burke 
Morris Iushewitz 
John H. Lotz 
Clarence Senior 



Superintendent of Schools 

Bernard E. Donovan 



Executive 'Deputy Superintendent 

John B. King 

(On Leave) 



Deputy Superintendents 

Frederick W. Hill 
Theodore Lang 
Helene M. Lloyd (Acting) 



Executive Director, School buildings 

Eugene E. Hult 



Copyright 1966 by the Board of Education of the City of New York 

Application for permission to reprint any section of this material should be made 
to the Superintendent of Schools, 110 Livingston Street, Brooklyn, N.Y. 11201. 
Reprint of any section of this material should carry the line, Reprinted from (title 
of publication) by permission of the Board of Education of the City of New York. 




FOREWORD 



The MATHEMATICS, GRADE 5, CURRICULUM BULLETIN is one 
of a planned series of bulletins designed to meet the needs of teachers and super- 
visors who are working to improve the achievement level of mathematics in our 
schools. The material has been planned to help teachers meet the diverse math- 
ematical needs of the children in fifth-grade classes in our schools. In addition to 
the emphasis that is always placed on arithmetic computational skills, this bulletin 
shows how to include other areas considered important, such as, concepts, skil s, 
and ideas from Algebra and Geometry. 

Use of the new bulletin will provide articulation with grade 4 mathematics 
and with the mathematics of grades 6, 7, and 8. The publication completes a four- 
year sequence in Intermediate School Mathematics based on the newer mathemat- 
ical philosophy of what should and can be taught to children in grades 5 through 8. 
Revisions will be made in this publication as a result of use in schools during the 

introductory period. 
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INTRODUCTION 




This is the first part of a two part bulletin that has been prepared as a revision of the earlier 
Mathematics 5 Cycles. It includes all of the topics in Mathematics Cycles — Grade 5 (1) en- 
riched and expanded to include the newer emphasis of a modem mathematics curriculum as 
found in the 1965 edition of the Mathematics 6 Bulletin. All relevant material in these bulle- 
tins has been utilized. 

This will mean that students completing this course will be in a better position to complete a 
more thorough course in Mathematics 6. 

It is important for children to develop speed and accuracy in computation, but in addition to 
computational skills, it is important for children to develop understanding not only of arith- 
metic concepts but of concepts from algebra and geometry. 

The 80 units of this bulletin are organized into 3 categories: 

Sets; Number; Numeration 
Operations 

Geometry and Measurement 

These categories are shown in the Scope and Sequence Chart on page xx. This chart may 
also be considered a Table of Contents. 

The 80 units are sequentially planned. For example: After an introduction to sets, under the 
category “Sets,” children are led to see the relation between Union of Sets and Addition of 
Whole Numbers under the category “Operations.” This pattern is followed throughout. 

The units also follow a spiral pattern, in that development of concepts and operations are re- 
peated at increasing levels of understanding. 

Concepts from Algebra, such as: open sentences, relations between numbers, graphing of 
solution sets, are included in the exercises of most of the units. Concepts from geometry are 
also included. A “Note to Teacher” is included in those units where it was felt the teacher 
might want further clarification of the mathematical concepts connected with the unit and/or 
to understand reasons for the developmental material. 

Objectives for each unit are clearly stated immediately before the “Teaching Suggestions” de- 
signed for the implementation of those objectives. 

Review of background necessary for the introduction of new topics is suggested where neces- 
sary. For example: Before adding and subtracting fractional numbers using the least common 
denominator method, suggestions are made for renaming fractions, regrouping fractions, etc. 

Asterisks before a unit or before an item within that unit indicate that these developments 
may be used at the discretion of the teacher. 



(1) Mathematics Cycles, Grades 5 — Curriculum Bulletin. 1961-62 Series, No. 6 
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SETS; NUMBER; NUMERATION 



UNIT 1 - SETS 



NOTE TO TEACHER 



Why Sets ? 

A set may be defined as a collection or group 
of objects, ideas, or numbers. 

The use of sets of concrete objects provides 
a visual and tactile experience for the de- 
velopment of the abstract concept of ’’number 
and for operations on number. 

Since geometric and algebraic, as well as 
arithmetic ideas, can be expressed in terms 
of sets, set concepts and terminology have 
a wide application. 



Meaning of Set 

A mathematical name for a collection of things 
is "Set”. 

A set may be composed of similar or dissimilar 
objects, things or ideas, which we decide to 
consider as a unit. 

All the mathematics books that we use may be 
similar, but each is a different, discrete 
book. The collection of Mathematics Books can 
be considered as a set. 

A collection of completely dissimilar things 
such as a pencil, a stapler, an orange, may 
also be considered as a set. These may be 
the set of objects on the Teacher »s desk. 
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To convey the idea that a collection is a set, 
the collection must be clearly defined. 

A collection of "Interesting Books" is not a 
clearly defined set because what is interesting 
to one may not be interesting to another. The 
set "Mathematics Books in our Classroom" is 
clearly defined. 



Elements of a Set 



Each object, thing or idea in a set is called 
a member or an element of that set. For ex- 
ample, the elements of a set of golf clubs 
are the individual clubs in that set. 

Describing the set clearly helps to determine 
whether an object is or is not an element of 
the set. 

For example, when we talk about, "The Set of 
The Five Boroughs of New York City", there is 
no doubt that Richmond is an element of that 
3et. 

We may also describe this set by tabulating 
its elements, for example, "The Set Whose 
Elements are: Manhattan, Bronx, Brooklyn, 

Queens, Richmond". 

A set may consist of many elements. The set 
of all teachers in New York City is a set 
containing many elements. 

A set may consist of only one member, for ex- 
ample, "The Set of the Teachers in this Room". 

A set may contain no members, for example, "The 
Set of All Teachers Who Are 15 Feet Tall". 



Notation for Sets 

The elements of a set may be tabulated within 
braces, e.g., {Debbie, Gail, Kathy} can be 
read as: "The set whose elements are Debbie, 
Gail, Kathy". 
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It should be understood that when we list the 
elements of a set we never list the same ele« 
ment more than once# 

{ A, □ } can be read as "The set whose 
elements are triangle, square". 

Sets may also be identified by the use of 
a capital letter# 

For example: . 

A = {Debbie, Gail, Kathy) read 

as: "Set A is the set whose ele- 

ments are Debbie, Gail, Kathy"# 

B = {Bill} read as: "Set B is the 

set whose only member is Bill". 

C — {apple, banana} can be read 
as: "Set C is the set whose ele- 

ments are apple, banana"# 

When the sets are referred to again they may 
be recorded as: A, B, and G# 

The empty set can be designated by braces 
only, { } , or by the symbol p . The 
empty set is sometimes called the null set. 

The "belonging to" symbol for showing that 
an object is an element of a set is € . 

The statement, "Kathy € A", is read: 

Kathy is an element of Set A". 

The symbol for an element that is not in a., 
set is • The statement, "Ann f A", is 
read: "Ann 5 a not an element of Set A"# 



TEACHING SUGGESTIONS 



Objective 



Procedure 



To help children understand the meaning of: Elements of a Set 

Sets; Subset; Set Notation# 



,e previous exposure of the children to these concepts will 
sip the teacher determine the extent to which she will 
ie following procedures. 
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1. Begin if necessary by presenting physical objects such as: a set of 

dishes; a set of checkers; etc. Elicit that a collection of things 
is called a set. Tell children that the mathematical name for a 
collection of objects is "Set’ 1 . 

2. Display and discuss sets of objects. Include some examples in which 
the elements of the set are similar, for example: two crayons; some 
in which the elements are dissimilar, for example $ a book, a ball, 
and' a piece of chalk. 

Children discuss dissimilar objects as a set. 

3. Have children use available objects to create their own sets on their 
desks and then to describe their sets. 

Have them describe sets of similar things. Make sure they understand 
that each thing is a discrete object. 

4. Children follow the same procedure using sets of dissimilar objects. 
They discuss why these are considered as sets. 

5. Discuss sets that are not easily displayed. 

(The set of characters in a book; the set of states in the U.S.) 

6. Tell children that each object in a set is called a member or an 
element of the set. Have children name elements in displayed sets; 
in sets of similar objects; in sets of dissimilar objects. 

7. Tell children that a set may have only one element. Have them think 
of and discuss sets that have only one element. 

C the class aquarium; the principal of the school; ~| 
the capital building of New York State. 

8. Ask the set of tigers in the room to stand. When no one stands ask: 
Is there a set of tigers? [Yes] 

Is there a set of tigers in this room? [No, the set of 
tigers is the empty set]. 

9. Tell children that a set may have no elements and that this kind of 
set is called the empty set, or the null set. Have children suggest 
sets which contain no elements. 

r The set of women who have been presidents of the United States;"! 

The set of living dinossaurs; The set of astronauts in Grade 5 J 
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10 . 



Discuss the use of symbols as a way of conveying ideas. 



For example. Highway signs are a set of symbols that communicate ideas 
of curve, intersecting roads, etc. 




11. Introduce set symbols. 

A way of specifying a set is to list the names of the elements 
or symbols for the elements between braces { }• 

{a piece of chalk, a globe, a milk container} 

{ rj. A, * , 0 } is read as: the set whose elements 

are a square, triangle, star, circle. 



Make sure that children understand that the same set may be 
recorded in many different ways, for example: 

{ A,* , □ , 0 }, { 0, H, A , * } 

or 

{The living presidents of the U.S.} 



12 . 



or 



{L:B: Johnson, Harry Truman, Eisenhower} 



Tell children that the order of listing the members of a set does 
not matter. Children should note that elements in a set are separated 
by commas. The same element appears only once in a listing. 



Record on the board: 

Mary, Jane; 



{Jane, Maiy) lf[D ,£> •,{ *53, <^J 



Have children identify those that are sets. 
[Only those within braces are sets.] 



13. Tell children that a set of many objects can be thought of as a 
single idea and may be named by a capital letter, e.g.. A, B, C. 

Record: A = {Bob, Sam, Jack} 

Read to children as: Set A is the set whose elements are Bob, 

Sam, Jack. 

Present other sets in the same way. Have children write their own 
sets using capital letters. 



14. Introduce the symbol for element of a, set ( € )# 



Children read: "A is the set whose elements are a fish, a bird, a dog”. 

Record : ^ A 

Read to children as: ”A bird is an element of set A”. 



3, Record next to the following sets, using set notation, those that 
have no elements: 



The set of dogs that fly. 

The set of children in your fifth grade who have green hair# 
The set of dishes in the closet. 

The set of letters of the alphabet. 

The set of even whole numbers less than 1. 



The set of Great Lakes. 

The set of children who are •'fficers of your class. 
The set of the capital city of New York State. 



5. Record in set notation two examples of sets containing more than 
on. element: two examples of sets containing only one element; 

two examples of sets containing no elements# 



Record: A = 




PRACTICE and J or EVALUATION 
SUGGESTED EXERCISES 



1. Name as many words as you can that mean set 
[Collection, group, team, etc.] 



2# Write the set of odd numbers from 2 through 9* 
[ {3, 5, 7, 9} ] 



4. List the elements of the following sets: 






6« Write the following statement in set notation: 

Set A is the empty set. 

[ A={>] 

7. Consider the following sets: 

A = {John, Mary, baby-Sue} 

F = {Monday, Tuesday, Wednesday, Thursday, Friday} 
S = { C=U , * , A } 

Write these sentences in set notation: 

John is an element of set A. 

Tuesday is "an element of set F. 

A rectangle is not a member of set .>• 

Baby-Sue belongs to set A. 

A triangle is an element of set S. 



8. Use set notation to write: 

The set of letters in your name. 

The set of numbers between 20 and 30* 

The set of numbers that are less than 10. 
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SETS; NUMBER; NUMERATION 



UNIT 2- SETS: One-to-One Correspondence; Equivalent Sets; 

Number as a Property of a Set; 

The Set of Counting Numbers 



NOTE TO TEACHER 



One-to-One Correspondence 



Matching objects in one set to objects in an- 
other set is not new. Children have always been en- 
couraged to note when there is one book for each 
child, a chair for each child, a glove for each hand. 

When the elements of two sets can be paired so that 
each element of one set is associated with one and 
only one element of the other set, and no element of 
either set is excluded in this pairing, the two sets 
are said to be in one-to-one correspondence . 

The elements of the two sets that are being matched 
may or may not be similar. 

The sets below can be matched in a one-to-one cor- 
respondence. 

The order in tfhich they are matched is irrelevant. 

U&.65 U&pl 

t t J or or 

{^,^,9} WM&) fr&S?) 

These sets are not in one-to-one correspondence. 

(f , □ , A I { a, ir, c, d. ] 

l t I 

{ *.* J 



Equivalent Set s 



Two sets of elements that can be placed in one- 
to-one correspondence are said to be equivalent 



Equivalent sets have the same number of elements. 

The elements of the sets below have been put into 
one— to— one correspondence. 

Set A is 9 A, P } 



Set B is { 0,dJ 9 x / 

Each element of Set A is paired with one and only 
one element of Set B in each instance and each 
element of Set B is paired with one and only one 
element of Set A. 

Set A is equivalent to Set B 



Equal Sets 

When two sets have the same elements and therefore 
have the same number of elements, they are said to 
be equal r ets. 



The elements of Set A and Set B are the same. 
Every element of Set A is an element of Set B. 
Every element of Set B is an element of Set A. 
The number of elements in Set A and in Set B is 



sets. 





Therefore : 



Set A equals Set B 



Set A and Set B are different names, for 
the same set, (which is the usual meaning 
normal it -in mathematical situations;. 



of "equal" in mathematical 



mathematical situations). 



When we compare sets we find that one set may 
be equivalent to another set; one set may be 
equal to another set; one set may have more or 
fewer elements* In the last case it is neither e- 
qual to nor equivalent to the other set* 



Number as a Property of a Set 

Consider a set which contains 5 green objects* 

Its elements have the color property of "greeness"* 

The set has a number property of "five-ness". 

When sets can be placed in a one-to-one cor- 
respondence, they have the same number property* 

{ a, b, c, d } has a number property of "4-ness". 

{ x, y, r, s } has a number property of "4-ness". 

Both sets have the same number property. 

The numbers are equal. 

Yfnen two sets can not be placed in a one-to-one 
correspondence, they do not have the same number 
property. 

One number is greater than or is less than the 
other. 



Mathematical symbols for inequalities of number 
are: 

"Is greater than", " > ", for example: 

7 > 5 i 5-2 > 6-4 



"Is less than", 

2 < 3 ; 



« < " , for example : 
3+8 < 4+9 



The Set of Counting Numbers 

When children began to count, they began with 
one object. They associated the number 1 with 
a set containing one object; the number 2 with 
a set containing two objects and so on. 



The set of numbers used in counting beginning 

with 1 is called the, "Set of Counting Numbers" 

and is shown in set notation as {l, 2, 3> 4, 5,* • •} 

Children should understand that no matter how far 
they count there is still another number* This 
is indicated by three dots as shown in the set above, 
standing for "and so forth". 



TEACHING SUGGESTIONS 



To reinforce the concepts of one-to-one correspondence. 

To develop number as a property of sets. 

Procedure 

1. Question children about the common property of farailar things. 

What property do rain, milk and the ocean have in common? 

[ liquid ] 

What property do a cookie, a chocolate bar, a piece of pie 
have in common? 

[ sweet, edible, fattening ] 

2* Compare sets of things in the classroom where a 1—1 matching 
is obvious. 

One pencil for one child 

One sheet of construction paper for each child 
One plastic spoon for each jar of paint 

3. Discuss these matchings with the children. 

4. Show two sets of dissimilar objects that are in one-to-one correspond- 
ence on a display table, for example: 

( a book, a pencil, a paint jar j 
{ a ball, a bat, a stapler } 

Discuss the dissimilarity of the elements of the sets. 

5. Ask children: VJhat property do the sets on the display table 

have in common? 

[ The number 3 1 



6. Compare other sets of objects that are in one-to-one correspondence 
to emphasize that number is a property of set. For example: 



a. { 0, A, Jfc , x. } and { , 0 ZZZ7 } [ 

b* The number of children in Grade Five who are 
3 years old. 

c { } ] 

and 

The number of children in Grade One who are 
25 years old. , 

c { } ] 

7. Help children to see that sets that can be placed in one-to-one coxw 
respondence have the same number. 

8. Tell children: 

a. A way we indicate the number of elements in a set is by 
using the letter N (for number) before the set. For 
example: 

N {*•, A, 0 } 

b. When we write N { , A, 0 } = 3 we are saying that 

the nu mb er of elements in the set whose members are star, 
triangle, circle, is 3« 

9. Children complete the following: 

Number of elements = □ [43 

N ( A ) - □ C 4 3 

G = {Sue, Betty, Jane} 

Number of elements = O C 3 3 
N (G) = □ [3] 

J = { □ } 

Number of elements = □ [ i ] 

H ( J ) - □ [ 1 3 









13 



10. Discuss with children: 

a. How they arrived at the number of each set. £ counting 

b. Counting as the assignment of names to successively 
larger quantities. 

c. The Set of counting numbers { 1, 2, 3, • • •} 

d. That each successive counting number is one more than 
the number before it. 

11. Children write in set notation: 

First five counting numbers 
Even numbers between 2-10 
Even numbers between 25 - 43 
Odd numbers between 2 — 10 
Odd numbers between 25 — 43 

12. Discuss the endless set of counting numbers. 

Children note that no matter how far they count there are still 
more counting numbers. 

Tell children we use three dots (...) meaning "and so forth 
to indicate such a continuation. 

13. Review notation for the number of a set. 

[ H ( A ) ] 



14. Present the following for children to complete: 

^ | } — - - — Number of elements in A 

B = { 8, 3 , 2 , 1, 6, 4 > Number of elements in B 

C = {Mary, Bob, John} N ( C ) = □ 

D={* , A, 0} N (D ) = □ 

E={* , 0, A } N (E ) = □ 



□ 

□ 



o 



They note that Sets E and D have the same elements and the same 
number* The, numbers are equal; 3 — 3 Why? 

The quantity represented is the same; the cardinal number 
is the same; the idea of "three 11 is the same; the elements 
can be matched with none left over; etc. 

The Sets contain the same elements* 



15. To obtain the (counting) number of a set, such as 
A = { D, A, 0, + } 

Compare set A with the set of counting numbers {l, 2, 3, 4, 5, . . •} 
and set up the following one-to-one correspondence: 




Have children notice our use of "counting" and that the last counting 
number needed is the number of the set* 



PRACTICE AND / OR EVALUATION 
SUGGESTED EXERCISES 

1* Write in set notation the set of counting numbers less than 15* 

[ { 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 } ] 

2. Show in set notation the set of all counting numbers greater than 30. 

[ { 31, 32, 33, 34, . . . > ] 



3* Here are two collections of things* 




Show in set notation the number of 

In ( A ) - 5l 

Ln ( B ) = 6 J 




B 



elements in each set* 
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4. Show that the counting number of a set you choose is 6v 

[ N { 0, x, □, , +> * ) “ 6 3 

or 

A = { 0, x, Q> ^ **" ^ 

N ( A ) = 6 



5 Tell how you would find the number of elements ir the set 
of girls in your class who are present today. 

[ By counting ] 



6. Write two different ways in which the set of girls may be described. 

By listing 
By description 



7 Show two sets using set notation. , 

Compare these to show one-to-one corresponden < 
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SETS; NUMBER; NUMERATION 



UNIT 3 - SETT OF WHOLE NUMBERS: CONCEPT OF NUMBER AND NUMERAL} 

HEADING AND ‘WRITING NUMERALS 



NOTE TO TEACHER 



To be able to distinguish between a System of 
Numbers and a System of Numeration, the dif- 
ference in meaning between the terms number 
and numeral should be reviewed. 

Number is the property of a set that denotes 
the idea of "How Many"; of quantity. This 
idea exists in the mind only, 

A numeral is but the symbol or a name for a 
number. Three, Trois, Tres, 3 , IH are a11 
symbols for the idea of the same number. 
Punched holes are sjrmbols used with com- 
puters to convey the idea of number or to 
transmit information about number. A numeral 
is any symbol, agreed upon, for communicating 
the idea of number. 



Children learn about the idea of quantity - 
the number of objects - before they read or 
write the symbols or numerals for represent- 
ing the idea. 

The symbol is not the number just as writing 
"blue" on the chalkboard is not the actual 
color blue. Symbols are simply ways of repre- 
senting ideas of number*. 



Any number may be represented in many ways. 

There are times when distinguishing between 

the words, "Number" and "Numeral" becomes 
cumbersome so that often we use the word 



o 
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"Number" when we mean "Numeral", However, 
it is wise to try to use precise mathematical 
language whenever convenient. 



The Set of Whole Numbers 

The set of counting numbers, sometimes called 
the set of natural numbers is part of the set 
of whole numbers. The set of counting numbers 
can be symbolized in set notation as 

( 1 , 2 , 3 , K, 5 . . .) 

Zero is not a counting number. The set of whole 
numbers includes zero which is the cardinal 
number of the empty set. 

The set of whole numbers is recorded in set 
notation as 

( 0 , 1 , 2 , 3 • • •) 

Note that the set of whole numbers, unlike the 
set of counting numbers, has as its smallest 
number, zero. Like the set of counting numbers, 
the set of whole numbers has no greatest number. 

Both sets are infinite (have an infinite number 
of elements). 



TEACHING SUGGESTIONS 



To help children understand: 

Meaning of number, numeral 
Zero as a whole number 
There is no greatest number 



To reinforce: 

Counting 

Reading and writing numerals 



Procedures 

Concept of Number and Numeral 

1. Children name other children in the classroom. Teacher lists the names. 
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then erases them. Discussion helps children realize that the children 
have not been erased. 

Only the symbols or names for the children have been erased. 

2. Use the same procedure for: 

Symbols on a musical scale and the notes they represent. 

Names for colors and the colors they represent, etc. 

3. Display a set of six objects. 

Children identify the number of members of that set. 

Teacher records that number as: six, 6, VI, JIHT I 

Question the children: 

^\Ihat is the same about these recordings? 

What is different about them? 

If we erase these symbols, have we erased the set of objects? 

4. Tell children that the idea of "How Many" in the set is a number . 

The symbol is a numeral . 

5. Teacher displays sets of various sizes. 

Children identify the number of each set. 

Children write the numeral for each number. 

6. Discuss: 

Numbers are ideas which cannot be seen, written, erased. 
Numerals which stand for numbers can be seen, written, erased. 

7. Write the following on the chalkboard and discuss the distinction 
between symbols and objects, number and numeral. 

A tiger - What do you see here? 

9,5 - Which is larger? 



The Set of Whole Numbers 

1, Use a number line labelled from 0 to 20. Discuss: 

What is the next larger number after 5> after 3 ; after 15? 
What number come 3 just before 5 > before 3$ before 21? 
What is the next whole number after 1? 

Is there any number that comes just before 1? 

2. Teacher writes numerals on the board: 16, 10, 8, 13, 0 

Ask children: 

What is the greatest number shown? 

What is the least number shown? 
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3 . 

4 . 



Tell children that the numbers under discussion are called whole 
numbers; that the set of whole numbers includes zero. 



Teacher writes numerals on the board: 17 > 45 > ^ . 

Direct children to rewrite them in order from least to greates • 

Ask children to continue to write numbers in order after the greatest 

number shown. 



Ask them what they think the largest number would be, were they to 
continue. 



Elicit from them that there is no largest number. Why? 



5. Encourage children to tell what the set of whole numbers is. 

fThe set of whole numbers is the set of numbers whose least 
number is zero, and which has no greatest number. 

Children will express this idea in their own words. 

6 . Show children the following, { 0 , 1 > 2 , 3 > 4 • • •} 

Discuss the use of the three dots. 



PRACTICE and / or EVALUATION 
SUGGESTED EXERCISES 



1. List the set of the first 10 whole numbers. 

[ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 1 

2. List the set of whole numbers greater than 51 • 

[ {52, 53> 54 • • •} 3 

3. What is the greatest whole number in the set of whole numbers? 

[ There is no greatest whole number ] 

A. List the elements of the following: 

The set of whole numbers between 100 and 101. 

C { } 3 

The set of whole numbers less than 5 an< * greater than 3* 

[ { 4} 1 



o 



5, List a set containing five elements each representing the number 9* 
Answers may v&ry. 

[ { XX, 8 + 1, 3 X 3, 27 + 3 > ] 

6* Children write the numerals for the following: 

Five hundred seven 
Twelve hundred twenty-five 
Three thousand forty 

7* Children write the following in words. 

706 1342 3029 2500 



8. Dictate numbers such as the following: 

3286 41 1870 1028 

605 2300 3 4009 

Note: Number symbols such as 5280 may be read as 52 hundred eighty 

as well as 5 thousand 2 hundred eighty. 

9. Children supply the missing numerals, counting by tens: 

For example - 134, 144 » 154 

268, , 1380, , 

99o, , 3507, , 

10. Children write the missing numerals in each sequence: 

1970, 1980, 1990, , , 2020 

1530 , 1520 , 1510 , , , 1480 

, , 1000, 1001, 1002, 

3500, 35oo, 3700, , 3900, 

, , 2000, ' 2100, 2200, 



11. Children count forward in each of the following series, limit 
determined by teacher. 

Interval: Numbers through 9 



47, 


51, 


55 . • • 


69, 


77, 


85 . . • 


178, 


184, 


190 .. . 


305, 


314, 


323 • • • 


577, 


586, 


595 .. . 
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Interval: 


9-99 






30, 

150, 

60, 

5049, 

3028, 


60, 90 ... 

200, 250 • • . 
120, 180 .. . 
5059, 5069 • • • 
3048, 3068 ... 


21, 

17, 

28, 

62, 

215, 


42, 63 . 

34, 68 . 

56, 84 . 

124, 186 . 
230, 245 • 


Interval: 


99 - 999 






300, 

600, 

700, 

2368, 

6072, 


600, 900 ... 

1200, 1800 . . . 
1400, 2100 . ,. . 
2468, 2568 ... 
6272, 6472 . . . 


250, 

130, 

402, 

325, 

215, 


500, 750 
260, 390 
804, 1206 
650, 975 
430, 645 


Interval: 


1000, 2000, 4000, 


etc# 




1000, 


3000, 5000 ... 






1300, 


2300, 3300 . . . 






2529, 


3529, 4529 • • • 






1480, 


3480, 5480 . . . 






1461, 


3461, 5461 . . . 







12 . 



Children count backward in each of the following senes 



Interval: Numbers through 9 



67, 


63, 


59 . 


219, 


211, 


203 . 


648, 


643, 


638 . 


351, 


342, 


333 . 


429, 


422, 


415 . 



Interval: 100, 300, 700, etc. 



Interval: 30, 40, 50, etc. 

180, 150, 120 .. . 

350, 300, 250 .. . 

300, 240, 180 .. . 

5089, 5079, 5069 . • • 

2098, 2078, 2058 . . . 



Interval: 1000, 2000, etc. 



1800, 1500, 1200 . 
2428 , 2328 , 2228 . 
3500, 2800, 2100 . 
5472, 5272, 5072 . 

3925, 3725, 3525 . 



9000, 8000, 7000 . . . 
5300, 4300, 3300 • . • 

7680, 6680, 5680 . . . 

8320, 6320, 4320 . . . 

6529, 5529, 4529 • 



• • 
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GEOMETRY AND KSASURIftlENT 



UNIT k - GEOMETRY: SETS OF POINTS; CURVES; NUMBER LINE 



NOTE TO TEACHER 



Points 



We continue our exploration of Sets with their 
extension to Sets of Points. 

A point is an idea. 

A point cannot be seen or felt. It cannot be 
measured. 

A point may be represented as a dot, as the end of 
a sharply pointed object, as the location where 
two walls and a ceiling meet, etc. 

A point can be represented as a fixed location 
which does not move. 

If the dot on the paper is erased, or the paper 
moved, the point still exists, and would have to 
be described in some other way, perhaps by a 
set of directions. 

Space can be defined as the "set of all points". 



Curves 

Think of the idea of a path between two points 
in space. 

All paths are sets of points in space and are 
called curves whether the paths are "straight" 
or not. The mathematical meaning of curve is 
different from the common meaning of 



curve 



A string stretched between two points, the repre- 
sentation on a map of the road between two cities 
are both representations of curves. 

Curves include straight lines# 



Line Sefanent 



A line segment is an idea. It is a set of points 
that may be represented by a special curve drawn 
on paper connecting two dots# When we say "line 
segment" we mean "straight line segment"# 

The line segment is the shortest curve between 
two points# When represented it includes the 
end points of the line segment# 

The symbol for a line segment is AB • Points A_ 
and B are the end points of the line segment AB , 
A B 



Lines 

A line can be thought of as the extension of a 
line segment in both directions. 



A 






B 



The symbol for the line above is: 

Notice how the two arrows Indicate extension 
in both directions# 



Number Lines: Sets of Points on a Line 

Because every point on a line has a position and 
because there is a distance between every two points 
on a line which may be compared with the distance be- 
tween any two other points on that line, the number 
line is an invaluable device for helping children as 
they deal with operations on numbers and to see the 
one-to-one correspondence between some points on the 
line and the numbers under consideration. 
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We have previously discussed the association of 
a number with a set of things. For example: we 
associated "4" with any set whose members can be 
put into a one-to-one correspondence with any 
other set containing 4 elements, e.g.. 




Both of these sets have 
a common number property. 

«'4" is the counting number 
that tells how many elements 
in each of these sets. 



"4" may also be associated with a specific point 
on the number line, thus: 



< g j ? I k . 5 Jl -> 

There is on this number line, one and only one point 
corresponding to any one whole number. 

The numbers are ordered. That is, they can be arranged 
in a sequence. Any number to the right of a number on 
the number line is greater than any number to the left 
of that number. 



TEACHING SUGGESTIONS 



Objective: To introduce geometric concepts of points and lines. 

To introduce properties of lines. 

To reinforce the number line. 



Procedure : 

1. Ask each child to touch a spot on his desk. 

Children locate the point. 

[ 6 inches from the right edge, 3 inches from the bottom edge.] 

2. Teacher mentions a location that is not precise. For example: a 

spot to the right of the door and above the floor. 

Teacher asks children: 

Do you know exactly the spot meant? [ No] Why not? 

How can you find out exactly the spot to which I am referring? 

[ Answers will vary ] 
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Teacher directs children to suggest ways of describing the spot so 
that it is exactly located, 

3. Tell children that any precise location in space is called a point* 

4. Teacher holds a sheet of paper against the chalkboard. Put a finger 
lightly on a point on the paper, Slide the paper away still keeping 
the finger at the same location. 

Question children: 



5. Children mark a dot on paper. 

They erase the dot. 

Elicit from children that the point is still in the same location 
even, though the dot was erased, 

6. Tell children that points, like numbers, are mathematical ideas. 
The dot is just a representation, symbol or model of the point, 
just as the numeral is a symbol for a number, 

7. Discuss: How small is a mathematical point? ; a dot? ; etc. 



8. Ask one child to hold the end of a string. Bring about the understand- 
ing that the end of the string is a point. Ask another child to hold 
the other end of the string. Establish this end as another endpoint. 

Elicit from the children that the string makes a path from one point 
to another point. 

Have the children stand so that the string is not taut. 

Discuss idea of a "curved line". 

They stretch the string taut. 

Compare curved path with straight path. 

[straight path yields the shortest distance between 2 points] 

Children drop the string. Establish, through discussion, that the 
path the string traversed is still there, even though the string 
is not. 

9. Children mark a dot on the paper. They mark a series of dots 



What did I do to the paper? 
Where is n$ r finger? 

Did the point go away? 



[Took it away] 

[in the same place] 
[No] 



in line with the first dot 



• • 



o 

ERJC 

iminaffammaa 



They place dots in between the dots already on the paper. 



They continue to place dots between the existing dots until 
they are dense. 

They draw a line through the dots. 

They note a line is a set of points. 



10, Children mark a dot on paper. 

They draw a straight line through the dot. 

They continue to draw lines through that point. 

Children note that any number of lines can be drawn through one point. 




11, Direct children to mark a dot on a paper. They mark a second dot 
a distance away in any direction. 

They draw straight lines passing through the points. 



♦ 



-#■ 




They see that one and only one straight line can be drawn through 
two points in one plane. 



12 . 



eacher marks two dots on the bo ard. She draws many curved lines 
etween the points. 




sing strings first, then by drawing lines, children experiment 
o find the shortest curve between points A and b. 
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Discuss these curves until 
that the curve that is the 
straight line segment. 



children see that all lines are curves but 
shortest distance between two points is a 



13, Draw a line# 









Ask children: 

■Why are the arrow heads there? 

What are the end points of the line shown. 

{[There are no end points on a line, 3 



Tell children that a line is 
line with the symbol " O 



named by any two points 
« above them, 

L 



AE 



names the line 



< — * 



on the 
E 

■ ■ > 



14, Present the following: 

S 







srsrsvs r. aw sttstza 



end points, 

to the diagram above "R" and »S» are end points of that line segment 



Tell children that the symbol for a line segment is " 
The line segment above is symbolized as ' RS 



15. Children draw, identify and symbolize lines and line segments 



16, Direct children to place a dot on a paper. They label it "A” • 

They place another dot and label it "B" , Children draw a line 
segment from A to B, 

Ask children to mark off a series of points along the line segment. 
They label each point. 



A C X R S B 

• • • • • • 



Discuss points on a line. 

Can you always insert another point? 

How many points do you think are on a line segment? 

[An undetermined number,] 



17, Children are familiar with the number line. 

Emphasize through discussion that: 

We are assigning whole numbers to certain points on the line. 
Each number can be considered as a name for that point. 

Zero is the least whole number. 

Numbers to the right of any number are larger than that number 
Numbers to the left of any number are r.maller than that number 



PRACTICE AND j OR EVALUATION 
SUGGESTED EXERCISES 



1. Which of the following is the best model of a point? Why? 

# • 

2, Which of the following are the best answers? Why? 

A point is a dotj 

A point is an exact location in space, 

A point is the end of a nail, 

A point is an idea. 
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3 . Name all the line segments represented in each figure below. 



C D E 



p HR 



[ FG GH HK KR ] 




CD 

DE 

CE 



4. Draw all possible line segments to connect the given points. 
Name all the line segments. 




[ AB BC CA 1 



5. Note pod ts «P« and “R 11 below. 

How many line segments can be drawn with end points "P" and M R H ? 

.P 



R. 

* 6 . Exploratory Exercises 
Draw sketches to show: 

How many points can two straight lines always have in common? 
YJill 2 straight lines always have at least one point in common? 

[Remember the definition of a line.] 
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UNIT 5 



GEOMETRY AND MEASUREMENT 



- MEASUREMENT: TEMPERATURE 



NOTE TO TEACHER 



The derivation of the word Geometry comes from "geo", 
the earth and "me try," measurement. Formerly Geometry 
was concerned mainly with measurement of the earth. 

Measurement is the process of assigning num ^® r ® 
physical objects or physical quantxtxes or to thex 
mathematical abstraction, line segments etc. 

All measurement involves a comparison a unit of 

measure. The number of units in the object being 
measured is called the measure of this object. 

All physical measurement is approximate. 

When counting objects, the answer to the question, "How 
many are there?" can be exact. 

However, in the measurement of .distance capacity, weight, 
time etc., absolute accuracy xs xmpossxble. ^hxle 
are saying, "It i s 6 o'clock" the second hand of the clock 

has already moved on, and it is mar ^ ngs 

measuring with a standard ruler the width of the marking 
on "the rqler and the degree to which the lead of the pen ll 
is sharpened, contribute to variations. 

Measurement concepts will be developed by using ^truments 
and units of measure in experience situations. Jf^les 

schedules for railroad, bus and airplane trave » 
for radio and television programs; records of changes in 
tides and temperature; tine of sunrise and sunsets, etc. 

Before using standard units of measure, children should be 
Sven Opportunities to use non-standard units such as 
hand, span, foot, unmarked contaxners. 

Children should have many opportunities to estimte^length, 
weight, height, etc. They should check thexr estimates wx 

measurements made. 




Standard instruments (scales, rulers, calendars) 
for measuring weight, length, time, etc. should 
be available. 

Give children many opportunities to determine the 
appropriate instrument that can be used in a given 
situation. For example: in testing vision in the 

classroom, the distance from the eye chart is 20 
feet. What instrument should we use to measure the 
distance? Would you use a 6 inch ruler or a yard- 
stick? Why? etc. 

Provide ample practice for expressing estimation of 
quantity in the most suitable unit oi measure. The 
length of a room can be estimated as 18 feet; a 
piece of paper as 12 inches long. 



Indirect Measurement 

Some objects cannot be measured directly; their 
measurements are arrived at by indirect methods, ^e 
may call these "indirect measurements". For example: 
The height of a very tall building, a tree or an 
inaccessible object such as a mountain, is arrived 
at indirectly. We medsure directly certain lengths 
and angles, and then perform computations on the 
(approximate) measures obtained. 



Temperature 

It is not possible to measure temperature directly. 

To "measure" temperature, we make use of a property 
of heat. When a substance gets warmer, it usually 
expands. The instrument used to measure temperature 
is the thermometer in which a column of liquid expands 
or contracts in relation to the amount of heat to 
which it is exposed. We measure the length of the 
column of liquid to estimate the temperature. The 
unit of measure on the thermometer is the degree. 

The thermometer can be considered a number line. Two 
scales, the Fahrenheit and the Centegrade, can be 
introduced. Tabular and graphical comparisons can be 
made. An important use of these scales is the opportunity 
to work with positive and negative numbers. 
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TEACHING SUGGESTIONS 



Objective: Continued development of concepts of temperature. 



Procedures 

1, Have several thermometers available for the children. 

Children hold their hands around the bulb of the themometer to discover 

that: 

Mercury is a liquid that easily expands and contracts. 

The measure of the length of the column of mercury 
indicates temperature. 

2. Discuss the: 

Scale on the thermometer as part of a number line. 

Markings on the thermometer as end points of the segments. 
Variations of length of intervals on different thermometers (Scale). 
Measurement and measurement of temperature as an approximate value 
and as an indirect measure. 



3. Discuss the: 

Unit of measure for temperature as a degree. 

Symbol for the unit, " ° M 

Meaning of zero degrees on the thermometer 

Boiling point and freezing point on the Fahrenheit Scale. 

Variations of boiling point and freezing points of various substances. 
Include milk, alcohol, mercury, water, etc. 

Boiling Point of Water = 212 F 
Freezing Point of Water = 32° F etc. 



4. Children read and interpret the readings on various types of 
thermometers. They read temperatures below zero . 
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5* Use experience charts to compare outdoor and indoor temperature, 
daily temperature, etc# 





Temp# at 
10 A.M. 


Temp, at 
2 P.M. 


Mon. 


60° 


68° 


Tues. 


48° 


vn 

-a 

o 


Wed. 






Thurs. 






Fri. 









Outdoor 

Temp. 


Indoor 

Temp# 


Mon# 


°o 

vp 


72° 


Tues# 


48° 




Wed# 






Thurs# 






Fri# 







6. Discuss idea of Centigrade Scale (Optional) 

0° C = 32° F 
100° C =212° F 

Centigrade is used in European countries and in Science# 

Pi C 



- no 

ioo* BoiUn.a Poln! 
<1o* 



Freezing Poi.nl 



-So* 




EVALUATION and J or Practice 
SUGGESTED EXERCISES 

1. Which is warmer, - 10° or - 20° ? [ -10 ] 

2. If the temperature at 8 o* clock is 2° below zero and at noon it is 16° 

above zero, how much warmer has it gotten? 

[ 18 degrees warmer J 

3. The temperature this morning was 10° • It has gotten 15 colder. 

What is the temperature now? j- ] 

4. Use variously scaled thermometers to answer the following: 

How many spaces are there on the scaj.e from the 60 to the 
70° mark, etc. 

How many degrees does each space represent? 

[Answers will vary depending upon the thermometer used] 

5. Match the following temperatures with the appropriate item in the 
column at the right, 

350° Ice-skating Weather 

32° Boiling Water 

10° Swimming Weather 

22.2° Temperature at which water freezes 

95 0 Oven Temperature 



6, The temperature changed from 5° bo 2 below zero last night. This 
afternoon it went from 8° to 14° . Which was the greater change? 

[5° to 2° below zero] 
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7 . 



Relate to science experiment* 

Materials needed: Colored water, alcohol, mercury, long glass tubes 



Pour a small amount of a liquid into a tube, , , 

Children cover the base of the tube with their hands and note 
Soothe ViqSd expands and rises in the tube as it gets warmer. 

They note which liquid, reacts most quickly* 



Children construct a scale for each tube to note variations 
in temperature. 



8. Additional exercises may be found in textbooks. 



OPERATIONS 



UNIT 6 ~ SET OF WHOLE NUMBERS: UNION OF SETS; ADDITION 



NOTE TO TEACHER 



Two sets may be combined or joined to form a 
new set. 

The new set is called the union of the two sets. 

The term "union" is applied both to the operation 
and to the resulting set. 

Understanding of the union of two sets is basic 
to the understanding of addition of whole numbers. 

Sets having no elements in common are called 
Disjoint Sets . For example, 

A = { Susan, Mary, Judy } 

B = { Ken, Frank, Paul} 
are disjoint sets. 

The union of Set A and Set B is a new Set, C, where 
C = {Susan, Maiy, Judy, Ken, Frank, Paul} 

The symbol for union is " U 
Here C = A U B 

If X is the set of boys in the classroom and if Y 
is the set of girls in the classroom, we form a 
union of Sets X and Y to arrive at the Set of child- 
ren in the room. Set Z. 

We record this as: Z = X U Y 
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Union of Sets and Addition of Numbers 



Th© term "Union 1 * applies to sets and the term 
'•Addition" applies to numbers. 



For example. 



Let 


A = 


{ 


a. 


b, c } 




B = 


{ 


h. 


t, b } 


Then 


A U B = 


= C 


where 




c = 


{ 


a. 


b, c, h. 


and 


N(A) 


+ 


N(B) = N(C) 



3 + 3 = 6 

Addition is a binary operation in which an ordered 
pair of numbers is operated on to yield a third 
number called the sum. Each number of the ordered 

pair is cstllsd sin 3.dd©nd# 

An ordered pair of numbers involves two considerations: 



The numbers 

The order in which they are considered. 



For example: The ordered pair (6, 2) is not the 

same as the ordered pair (2, 6) although both involve 
the same pair of numbers and both yield the same sum. 
This can be shown on the quadrants below. 





n^n-ition of the Operation of Addition for Whole numbers. 

If A and B are disjoint sets as above, we have seen that: 
N(A) + N(B) = N( AUB ) since C = A U B 



This is the way we can define the operation of 
the addition of two whole numbers which we will 

call a and b: 

If N(A) = a 
and N(B) = b 

Where A and B are disjoint sets 
then a + b is equal to N(A U B) 

By applying this definition we can verify each 
of the following properties. 

Properties of Addition ; __get of .Whole Numbers 

Operations on numbers are subject to certain 
rules or properties. 

Some properties of operation for addition are 
the: 

Associative Property 

When three or more numbers are to be added, the order 
in which they are grouped does not affect the sum. 

For example: 

4, 3, 2 may be grouped as 
(4 + 3) + 2 or as 
k + (3 + 2 ) 

and (4 + 3) + 2 = 4*t (3 2) 

Commutative Property 

The order in which two numbers are added does not 
affect the sum. 

For example: 

3 + 4 = 4 + 3 

Identity Element for Addition is Zero 
6 + 0=6 and 0 + 6 = 6 



Closure 

The set of whole numbers is closed with respect 
to addition. 



When whole numbers are added, the sum is always 
a whole number. 



firm cents from Algebra 

A mathematical sentence is any statement of equality 
or inequality involving numbers. 

A mathematical sentence may be either o£en, true. 



An open sentence contains one or more place holders, 

l + n = 9 is an example of an 



4 + 5 = 9 
{5} 



open sentence 

is an example of a 
true sentence 

is the truth set for 

the open sentence 4+0-9 



A ven set or a set from which it would be reason- 
tbS™ choose the number for the truths et^ed 

nmberfwoSLd 1 be^nsidered the replacement set. 

The symbols n or n or A, etc. are called placeholders 
or variables, 

8 > ( n x 2 ) is also an open sentence. 

If we establish the replacement setas the set of 
Whole numbers, then the truth set for 8 > (n x 2) 
is {.0, 1, 2, 3 } 

i, i i; = 8 is an example of a false statement. 



ttAs-ic Addition Facts 



. aHfm , on fa ct is a statement about the two addends, 
if « 0 through 9 and their sum - a number from 0 



through 18. Thus : 

8 + 4 = I 2 is 
12 + 4 = 16 is 



an addition fact but 

not called an addition fact. 



Teachers must aim for automatic response to basic 
facts their children. 

Automatic response is achieved through periodic 
drill. 



Drill 



Drill should be organized according to specific 
patterns which emphasize one type of relationship 
at a time, 

A few minutes of each lesson should be devoted to 
drill. 

Drill should be related to the major topic under 
consideration, wherever possible. 



TEACHING SUGGESTIONS 



Objectives : 

To develop understanding of the union of sets. 

To relate addition of numbers to union of sets. 

To test and / or reinforce automatic response to addition facts. 
To reinforce extensions of 'addition facts to higher decades. 

To introduce concepts from algebra. 



Procedures 
Union of Sets 

1. Display two sets of objects, for example, a ruler and a scissors 
crayon and a pencil 

Children note that the objects are different. 

2. Children show these in set notation, as: 

Let A = { scissors, ruler } 

*Let B = { pencil, crayon } 
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y s Ask children how to form a new set using the elements of A and B. 

[Put them together, join them, etc.] 

4 . Ask children: 

What are the elements of this new set which we will call Set C? 

Teacher records as child responds 

C = {scissors, ruler, crayon, pencil) 

Does Set C include all of the elements of Set A? of Set B? 

5 . Tell children that the symbol for joining sets is " U " and that it 

is read as: "Union of". 

Record in set notation the action of joining the sets. 

{scissors, ruler) U {crayon, pencil) = {scissors, ruler, pencil, crayon) 
A U B ■ C 

Emphasize that the tern "union" applies to sets. 

6 . Reinforce set notation: 

Braces; symbol for empty set; symbol for union; symbol 
for the number property of a set. 

7. Present the problem: 

Alice, Joan and Mary went skating. At the rink they met Harry, 

Tom and Bob. The two groups skated together. 

Children show ohis in set notation . 

{ Alice, Joan, Mary ) U { Harry, Tom, Bob } 

Children show the union of the two sets. 

Let A = {Alice, Joan, Mary) 

B = {Harry, Tom, Bob) 

C = {Alice, Joan, Mary, Harry, Tom, Bob) 

Then , A U B *»• C 



8# Use the problem above to reinforce number as a property of sets. 

Children show, in set notation, the number of elements in Set A, 
Set B and Set C as: 



N(A) == □ 


[ 3 1 


N(B) = n 


[ 3 ] 


N(c) = n 


[ 6 ] 



Relate Union of Sets to Addition of Numbers 

Ask children (referring to the sets above) 

What are the elements of Set A? 

[Alice, Joan, Mary] 

What is the number of Set A? 

[ N(A) = 3 ] 

What are the elements of Set B? 

[Harry, Tom, Bob] 

What is the number of Set B? 

[ N(B) = 3 ] 

What are the elements of Set C? 

[ Alice, Joan, Mary, Harry, Tom, Bob ] 

What is the number of Set C? 

[ N(C) = 6 ] 

Show in set notation that the number of Set A added to the number of 
Set B , w ill give the number of Set C where C = A U B. 

N(A) + N(B) = N(C) 

N(A) + N(B) = N( A U B ) 

Show the above using only numerals . 

[ 3 +3 = 6 ] 
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Emphasize that: 

The binary operation "Union" applies to sets. We combine se s 

The binary operation "Addition" applies to numbers. We add 
numbers* 



Facts and Extensions 

1 * Test for automatic response to basic addition facts. 
Drill or reteach as indicated by results. 



2. Test children's responses to the extension of addition facts to 
higher decades. 

B 

" Suing reaching th e Next Decade 



Suing in the Same Decade 



17 + 2 = n 
24 + 2 = 0 
46 + 2 = n 



15 + 4 = n 

26 + 4 = G 

64 + 4 = G 



Sums in the Next Decade 

57 + 5 
46 + 5 
14 + 8 



n 


89 + 7 = n 


n 


18 + 3 = 71 


n 


59 + 8 = 71 



41 + 9 = G *7 + 3 
14 + 6 = D 55 + 5 
38 + 2 = G 66 + 4 

D 

Sums in the Hundreds 

324 + 3 = G 
436 + 4 “ G 
518 + 5 - n 



□ 

n 

G 



Sums in the Thousands 



Children make the open sentences true. 

Read as hundreds rather than as thousands 
to facilitate arriving at sums. I 01 

exampl + 3 is read as: 13 hundred 24 

plus 3 



1324 + 3 = n 

2436 + 4 = G 
1617 + 6 - G 
1598 + 5 = G 



3 . Drill or teach as indicated by results, emphasizing the following 
mathematical relationships. 



0 
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Applying Commutative Property 

2 + 9 thought of as 9 + 2 
5+23 thought of as 23 + 5 
6 + 184 thought of as 184 + 6 



Deriving Heap-Doubles from Doubles 

From 8 + 8 we derive, 8+7, 8+9, 7+8, 9+8 

From 25 + 25 we derive, 25 + 24, 25 + 26, 

24 + 25, 26 + 25 



Applying Associative Property 
9 + 6 thought through as 

9 + (1 + 5) - (9 + 1) + 5 - 10 + 5 = 15 

38+5 thought through as 

38 + (2 + 3) = (38 + 2) + 3 = 40 + 3 = 43 

243 + 9 thought through as 

243 + (7 + 2) = (243 + 7) + 2 = 250 + 2 = 252 



4. Use the number line to reinforce addition facts and extension of facts 
to higher decades. 



1 2 5 +. ST <0 1 2 9 10 Jl 12 15 J4 15 - 




6 + 7 = 6+ (4 + 3) = (6 + 4) + 3 = 10 + 3 — 13 

or 



<e 



0 12 3 4 5 (a 1 8 9 jO /I 12 13 14 15" 



+ 



+ 1 r 12+ 1 * 15 



Extend number line for higher decades. 



Concepts from Algebra 
1, Teil children that: 

Symbols O, A, n, <C>, etc, in a mathematical sentence are 
called placeholders or variables . 



Mathematical statements containing variables are called open 
sentences. 
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2. Direct children: 

Replace the variable to make a true statement 

8 + n - 17 
15 + □ = 21 

9 + -.1 - 14 



Which of the statements below are true? Which are false? 
Which are open? 

3 x 7 = 21 

1 + 1 = 1 

4 4 2 

□ - 7 = 10 
48 + 22 = 60 




Why cannot □ - 7 = 10 be called a true statement jA falsa statement? 
Write an open sentence; A true sentence; A false statement? 



3. Make this open sentence true^ 236 + □ = 243 [ 7 1 

Tell children that {7} is called the truth set for the open sentence 
236 + □ • 243. Ask, ,r Why?” 

Let children find the truth set for the following open sentences. 

In each case ask how they obtained the answer. 

6 4 n = 27; 3 + ( 2 x □ ) = SI; 2 + ( 3 x □ ) = 2 



4. Have children make the following open sentences true. 



Commutative Property 

3 + 36 = 36 + n 

7 + 148 = n + 7 
9 + 2145 = 2145 + n 
etc. 

Use of the terms “Commutative” 
the maturity of the children. 



Associative Property 

105 + 7 - HO +J*. 
1526 + 4+0=1532 

1397 + 8 = 1400 + n 

225 + 5 + n « 233 

“Associative” would depend upon 



and 



46 



5. Replacement Set 

Given the set {7§, §, 3, 5, 6} children choose the values for n 

to make the following statement true. 

8 > ( n + 2 ) [n * or 3, or 5] 

Tell children that the set of numbers from which one or more numbers 
can be chosen to replace a variable is called a replacement set. 

Why is the name, "Replacement Set" given to this set? 

Children note that more than one choice is possible for the 
truth set or solution set . 

6. Children find the truth set for the following: 

Open Sent ence Replacement Set 

The set of whole numbers 

{ 1, 2, 3 ... 10 } 

{ 43, 41, 29, 50 > 



a. 4 < n < 9 

b. Q + A = 7 

c. 37 + 5 > n 



PRACTICE and j or EVALUATION 
SUGGESTED EXERCISES 

1. Using any or all of the following: 4> 6, 8 

Write two statements of inequality. 



2* Tell what whole number n is, so 
below, is true. 

n + 50 = 50 + n 

13 + □ = 24 
9 + 8 < n 
26 + 13 > n 



that each mathematical sentence 

{0, 1, 2, 3 • • •} 

or 

any whole number 

[ { 18 , 19 , 20 . . .}] 

[ {0, 1, 2, 3 . . • 38} ] 



3. 



Additional exercises may be found in textbooks. 




NUMERATION 



SETS; NUMBER; 



UNIT 7 - SUBSETS 



NOTE TO TEACHER 



A set contained in another set is called a subset 
of the original set. 

Each element of the subset is by definition an 
element of the given set. 

For example: All of the children in a classroom 

may be thought of as a set of children. 

The set of girls is a subset of the set of children, 
The set of boys is another subset of the class of 
children. 

The set of even numbers is a subset of the set of 
whole numbers. 

The set of odd numbers is a subset of the set of 
whole numbers. 

The symbol for "is a subset of" is "C" , 

If Set A = { 0, 1, 2, 3, 4, 5, 6, 7, 8} and 

Set B = { 2, 4, 6, 8} 

Then Set B is a subset of Set A because each of 

the elements of Set B is also an element of 
Set A. 

This is symbolized as : B c A and is read as : 

Set B is a subset of Set A. 

Understanding of subsets is important in arith- 
metic. For example: We can explain subtraction 

of two whole numbers by removing a subset from a 
given set and examining the number of the three 
sets involved. 



ERIC 
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TEACHING SUGGESTIONS 



Objective ! To help children understand the meaning of subset* 



Procedures 



1* The problem of rearranging the bookshelves is presented to the class* 
Three children, Mary, Alice and John are chosen* 

2* Identify these children as elements of a set. 

Children record this given set using set notation* 

[ {Mary, Alice, John} ] 

4* Guide children to see that there are sets within a given set* 



Ask children: 



Which children within this set can we use to help 
rearrange the books on the back shelves? 

[Answers may vary] 



How would you describe Mary and Alice in relation 
to the set? [Elements of the set] 




Show, using diagrams, other children from the given set who might 
be used to help* 



Record different sets of helpers, using set notation* 

[ {Mary, John} ] etc. 




Ask children: 

What can you tell about the relationship of the sets you have 











recorded to "the given set* 



Children helping are in the set of children you chose; 

Mary and Alice are part of the names you put on the board; 

etc. 

5. Tell children that sets that are part of a given set are called 
subsets of that set* 

6. Ask children whether we might use Alice, Mary and John to help* 

[ Yes ] 

Tell children that any set may also be considered a subset of 
itself* 



7. Ask children what notation they would use to show that we do not 
wish to use any of the children of the given set. 

C { } 3 

Ask children whether there is any member in the empty set that is 
not an element of the given set. 

Tell children that because there is no element in the empty set 
that is not in the given set the empty set is a subset of every 

set* 



8. Tell children that the symbol for subset is " c " . 

For example: { Alice } c { Alice, John, Mary } is read as: 

The set that contains Alice is a subset of the set whose elements 

are Alice, John, Mary* 



We may also record this in another way* 

D = { Alice, John, Mary } 

F = { Alice } 

Then we may record the same idea as: F c D read as: "Set F is a 

subset of Set D"* 



PRACTICE EXERCISES 



1 . 



Use a diagram to show 
of the set of all the 



that the set of Arithmetic books is a subset 



textbooks in our room* 



Textbooks 
in our room* 
"Xrith. 



Books 
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2. Use set notation to describe the diagram below* 




Plants on 
our* 

windows ill 




[ {ivy plant} c {Plants on our windowsill} ] 



3* Consider the diagram below* Encircle the subset of odd numbers* 



10 6 


4 1 


9 


3 13 


8 5 


15 2 


14 


12 



10 6 kj 1 

(9 3 : 13 / 

8 V5 lj / 2 

14 12 



4. Use data on the chart to give information required about 
{John, Tom, Don, Alan, Bill} 



Name 



Color of Tie 



Color of Shirt 



John Blue White 

Don Red Grey 

Alan Grey Blue 

Bill Blue White 

Tom Grey Grey 



a. Show in set notation that the boys whose ties are blue 
is a subset of the given set. 

[ {John, Bill} c {John, Don, Alan, Bill, Tom} ] 

b* Show in set notation that the boy wearing a red tie is 
a subset of the given set. 

[ {Don} c {John, Don, Alan, Bill, Tom} ] 

c* If Frank also is wearing a red tie is the 
following s + at^me"t true? Explain. 



{Don, Frank} 



^ :./nn, Don, Alan, Bill, Tom} 




List in set notation all the subsets of the set of rivers around 

New York City. r 

{Hudson, Harlem, East) 

{Hudson} j {Hudson, East} ; {Hudson, Harlem} 

{Harlem} ; {Harlem, East} 

{ East } ; { } 

# 6. How many subsets are there in a set that contains 3 elements? (Optional) 



*7. Distinguish between: (Optional) 

Alice € { Alice, John} 

and 

{Alice} c {Alice, John} 



£8. How many subsets are there of a 



set that contains k elements? (Optional) 



OPERATIONS 



UNIT 8 - SET CF WHOLE NUMBERS': SUBTRACTION - RELATED TO COMPLEMENT 

OF A SET; MEANINGS; PROPERTIES; 
PACTS; EXTENSIONS TO HIGHER DECADES 



NOTE TO TEACHER 



Although children have dealt with subtraction in earlier 
grades a recapitulation of subtraction in connection with 
sets may help them to solve verbal problems. 

An interpretation of subtraction in the set of who*3 
numbers depends upon: 

1* The meaning of addition in the set of whole 

numbers in terms of the union of disjoint sets. 

2. The understanding that subtracting a number is 
the inverse operation of adding that number. 



Interpretation of Subtraction in Terms of One-to-One 
Correspondence; Related to Finding the Difference in 
Subtraction of Numbers 

Illustrative Example 

Choose a set with 5 elements, Set A and a set with 3 
different elements, Set B. 

Find another Set C such that when the union of Set B 
and Set C is formed, the elements of this union can 
be placed in one— to— one correspondence with the 
elements of Set A. 
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Set A = 



Set B = 



Set C = 



Therefore: 





The elements of the union of sets B and 0 may now he 
placed in one-to-one correspondence with the elements 



of Set A. 



When the elements of Set A are matched with the 
elements of Set B the elements that are not matched 




Relating Matching of Sets to Subtraction of Numbers 



Inferring to the conditions stated above y we find that 
if we know the number of elements in Set A (5) and 
number of elements in Set B (3), we can find the number 
of elements in Set C (2). 

We may think in terms of addition: 

What number added to 3 will result in 5? 

This may be stated as: 3 + 0 ■ 5 

We must find a second addend which when added to 3 

will give the sum 5» 
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Addition is an operation on tiro numbers , to find a third 
number called the sum. The two numbers are called addends. 



Addend + Addend = Sum 
3 + 2 - □ 



Subtraction then is the operation of finding a missing 
addend when the sum and the other addend are known. 



In terms of subtraction this is finding the difference. 



Interpretation In Terms of Subsets (Complement of a 
Set); Related to Finding ”How Many Are Left” In 
Subtraction of Numbers 



Illustrative Example 

Choose a Set A with 5 elements from which we wish to 
remove a subset Set B of 3 elements* The subset that 
is left can be called the remainder set, which we will 
call Set C. 

Set C is said to be a complement of Set B relative to 
Set A. 

For example: 



We are left with the elements of another subset which we 
will call Set C. 



Set C is the remainder set. 

Set C is the complement of Set B relative to Set A. 



Addend + I I * Sum 



3 + □ * 5 



Set A a 




From Set A we remove a subset, Set B 



Set B » 









Should we wish to remove Subset G from Set A, then 
Subset B would be the remainder set or the complement 
of Set C relative to Set A. 



Relating Removing of a Subset to Subtraction of Numbers 

When we wish to remove a number of elements from a set 
the operation of subtraction is involved: 




N (A) - N (B) = N (C) 

» (A) - 5 B (B) - 3 



5 -3 = 2 

Subtraction is a binary operation on an ordered pair 
of numbers. 

A binary operation means that only two numbers may be 
operated on at any one time to produce a third number. 

Finding "The Difference” and finding ‘How Many Are Left” 
situations are both solved by the operation of subtraction. 



Some Properties of Subtraction 
Inverse Operation 

An action often has associated with it an inverse action. 
We open a door ? we close a door; we put on shoes , we take 
off shoes. 
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Mathematical operations also have inverse operations. 
For examples After we add 2 to 7 to arrive at 9» 
to get back to 7 we subtract 2 from 9» 



Add 2 




This may be thought of as a "doing” and an "undoing.” 

"Subtracting a number" is the inverse operation of 
"adding that number." 

Addition • . . . 7 + 2 « 9 

Related Subtraction . • , 9 - 2 a 7 



Commutative Property 

Subtraction is not commutative 

4 - 3 » 1 but 
3-4/1 



Associative Property 

Subtraction is not Associative 

(6 - 4) - 2 » 0 but 

6 - (4 - 2 ) / 0 



Property of Closure 

The set of whole numbers is not closed with respect 
to subtraction. When whole numbers are subtracted the 
result is not always a whole number. For examples 
6 - 8 is not within the set of whole numbers. 







Role of Zero in Subtraction 

Zero subtracted from any number results in that same 
number. 

6 - 0 =* 6 

However, a whole number subtracted from 0 does not 
result in a whole number or xn that same number. 

0 - 6^0 

0 - 6/6 

(Compare with addition where 6 + 0 « 6 and 0 + 6 » 6). 



Basic Subtraction Facts 

A basic subtraction fact involves three numbers, 
at least two of which are selected from 0 through 9. 
For examples 

15 - 7 s d is a subtraction fact 

25 - 7 ■ Id is not considered a basic subtraction 
fact. It is an extension of a basic 
subtraction fact. 



Brill and Testing 

Subtraction facts should be presented concurrently 
with their related addition facts. 

d + 7 - 15; 15-0-8 



TEACHING SUGGESTIONS 



Objectives: To relate the operation of subtraction to relative 

■ — complements of sets. (The “take away 11 aspect of 
subtraction). 

To relate the operation of subtraction to ideas of 
Union of Sets and One— to— One Correspondence. 
(Comparison Difference aspect of subtraction). 

To apply properties of Subtraction to drill and/or 
reteaching of facts and extensions of facts to 
higher decades. 



o 
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Procedures: 



Finding a Remainder Set - Relative Complement of a Set 

1* Direct 5 children to come to the front of the room. Mary f Jane, 
Eva, Al, Tony. This is the set of children who will arrange books. 
A1 and Tony are called to the office. 

Ask children to: 

Record set of children who were to help arrange books. 

Call this Set A • 

A m {Mary, Jane, Eva, Al, Tony} 

Record subset of children called out of room. 

Call this Set B. 

B a {Al, Tony} 

Record the set left to help with books. 

Call this Set C. 

C » {Mary, Jane, Eva} 

Rhy can we not call it Set A? 

Tell children Set C is called the remainder set. 



2. Show a set of objects on desk. 

Ask children to come and remove a subset. 
Ask children to describe the remainder set. 



3. Display a set of objects, e.g. a disc, a book, a pencil, a 
plant, a jar of paint. Call it Set A. 

Ask children to record this set showing the number of 
elements. [N(A) =* 5] 

Ask children to remove a subset whose number is 2 from Set A. 

Call the subset, Set B. 

Ask children to record this subset showing the number of 
elements. [n(b) « 2] 

Call the remainder set, Set C. 

Ask children to record the number of elements in the 
remainder set. [N(C) =* 3] 



4 . 



Ask children to write a true mathematical sentence using 
numerals only to show the action just performed. 

[5-2-3] 
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5* Refer to the remainder set displayed on the table. 

Ask children what they would do to show the original set. 



To remove set B from set A again. 

To record the removal of subset B showing 

the number property of the sets. [N(A) - N(B) « N(C)] 



Relate Finding the Difference to Gne-to-Qne Correspondence For 
Comparison-Difference Subtraction 

1. Present a problem: 

Frank has a set of marbles which we will call Set A. 
Jerry has a set of marbles which we will call Set B. 

We want to compare the two sets to find how many more 
or less one set has than the other. 

Record these in set notation. 



Put back the set of objects we took away. 
Put back the pencil and the plant. 

Put back Set B, etc. 



6. Ask children: 

What do we call this operation on sets? [Union] 

To record the action using set notation. [C U B * A] 

To record M C U B =* A** showing that a number 
property is involved. [N(C) +N(B) =* N(A)] 



7. Children show these actions using equations 



3+2-5 

5-2-3 



Set A - } 
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2. Tell children we will compare the elements of Set A with the 

elements of Set B to find the number of elements that match# 

\ 

Records 



Set A t0,S>, ©,©,#} 

t t I 

Set B {©,0,®) 

Ask childrens How many elements in Set A? 

Record as children responds [N(A) * 5] 

Ask childrens How many elements in Set B? 

Record as children responds [n(b) ■ 3] 

Ask childrens How many elements are matched? 

Record as children responds 

[3 elements of Set A are matched with 3 elements of Set B] 

How many elements are not matched? 

Which set has more elements? Which set has 
fewer? What is the difference between the 
number of elements in Set A and the number 
of elements in Set B? 

Direct children to show this actions 

Using Set Notation [N(A) - N(b) « N(C)] 

Using Numerals only [5-3*2] 



3* Direct childrens 

Find a new set which when joined to Set B will form a set 
all of whose elements will match all of the elements in 
Set A# Call this new set, Set C# 

How many elements are in Set C? 

Write a mathematical sentence that shows the action of 
finding how - many - more are needed# [3 + 0 = 5] 

Write a mathematical sentence to show the thinking 
that will solve this. [5-3*2] 





Subtracting Numbers 



1. Test for automatic response to basic subtraction facts. 



2. Drill or re-test as indicated by results. 



Present each subtraction fact with its related addition fact, 
(inverse Operation) 



'( + 2 a 9 9 + 7 =* 16 

9-2 = 7 16-7-9 



2+7-9 

9-7-2 



7 + 9-16 

16 - 9 - 7 



Reaching ten by regrouping the number to be subtracted. 



15-8 thought through ass 

15-5-3* then as 10 - 3 - 7 

63-7 thought through ass 

63 - 3 - 4 , then as 60 - 4 » 56 



452 - 5 thought through ass 

452 - 2 - 3 , then as 450 - 3 * 447 



3. Test childrens responses to extension of facts to higher 
decades. 



A 




B 


Remainders in 


the Same Decade 


Subtracting from Whole Decades 


18 - 3 - □ 
27-4-0 
39-7-0 


29 - 5-0 
96-3-0 
24 - 2 « □ 


60 - 7 = a 50-6=0 

40 - 8 = □ 70-2»G 

20 - 3 - a 90 - 4 - a 


c 




£ 


Remainders in the Preceding 
Decade 


Extensions to Hundreds 


74 - 6 =* □ 
75-6 at □ 
25-9-0 


51 - 9 = □ 
24 - 5 - a 
73 - 6 - a 


374 - 3 - a 
475 - 4 - Q 

525 - 5 - a 



E 

Extensions to Thousands 

1327 - 3 - O 
2440 - 4 - □ 

1623 - 6 - □ 

1603 - 5 - □ etc. 
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5. 



(Optional) 



o 
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ft*ovide additional practice using varied forms* 

235 - B =* 230 - □ 

2134 - 7 - 2130 - n 
174 - n » 170 - 3 
1405 - 8 « 1400 - □ 



The number line is an effective way of providing practice* 
For examples 

a. 11 - □ a 6 






s ^ 

01 2 3 4 ■ 5 <0 1 % 1 10 H 



> 



* b* Use the same number line* Ask children to 
solves 

6 - 11 = n 
o. 5 + 6-0 

11 - 6-Q 



-6 




'■-***- +**.mm* 
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Present true and false mathematical sentences# 
Children indicate which are true and which are false, 
and why? 

Ask them to change false sentences to true sentences* 



8 - 3 ** 5 because 7 + 2 - 5 
16-9-7-0 

48 + 9 - 57 -9 

48 + 9 =* 57 is the inverse 
operation of 57 - 9 - 48 



[„ 

[’• 

[’• 

[T.] 



8 - 3 * 5 because 
5 + 3-8 



because 16-9-7; 
7-0-7; 7-7 

because it is not an 
equality 



] 



317-9-317-7-3 



P. because 308 does not 
equal 307* To make it 
true, the sentence must 
read 

317-9-317-7-2 



EVALUATION AND/OR PRACTICE 



1. Record in set notation a set whose elements are 4 trees. 



( 2,4 



Call it Set A and associate the number four with this set. 

[N(A) - 4] 



Record any subset of this set. Call this subset Set B. 

[Set B =* {^ } (Answers may vary) ] 

Associate the number with Set B. [N(b) ** 1 or • • •] 

Find the remainder set. Call it Set C. Record the 
number of the remainder set. 

Set C *'')?] 

N(c) - 3 or . . . 



Complete the following charts 



The number of the 


The number of the 


The number of the 


Original Set 


Subset removed 


Remainder Set 


19 


0 




49 


5 




S9 

19 


7 








39 







Complete the followings 
In Set F there are 14 chairs. 

G is a subset of P and there are 8 armchairs in set G. 
Remove the elements of subset G. 

Show, using set notation, the number of elements in the 
remainder set. [N(H) * 6] 



Additional problems may be found in textbooks. 
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SETS; NUMBERS; NUMERATION 



UNIT 9 - SYSTEMS OF NUMERATION: BASE 10; EXPANDED NOTATION 



NOTE TO TEACHER 



A system of numeration must be distinguished from 
a number system* 

A number system involves: 

Ideas of quantity 

Operations on the numbers 

The properties that apply to those 

operations. 

Addition and Multiplication are the major operations. 

On the other hand, a system of numeration involves: 

A set of symbols 

Rules for Using the symbols to 

represent and name numbers. 



Common Characteristics of Sy stems of Numeration 

1. Only a finite number of different symbols 
are used. 

2. Any of these symbols or combinations of symbols 
may be repeated, and may in different positions 
represent different numbers. 

The decimal or base ten system of numeration is only 
one of many systems although it is the one most common- 
ly used. 



The Hindu-Arabic on Decimal System of Numeration 
Symbols 

The decimal system uses ten symbols? - 0, 1, 2, 3, 4, 5, 

6, 7, a, 9. 
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It is a place value system. The number, ten, represented 
by a 1 and 0 in fixed places plays a special role. Ten 
is called the base of this system. 

The symbols 0, 1, 2, 3 f 4> 5> 6, -7> 8, 9 are called digits. 



Place Value:. Grouping By Ten ; Multiplicative Aspect . 



Place value is the property of a system of numeration which 
assigns a value to a digit according to its ordered 
place in the numeral. 

In the base-ten numeral 11, the place value of the 1 on the 
right is 1 one; the place value of the 1 on the left is 
1 ten. 

In the base-ten numeral 32, the 2 indicates a grouping of 2 
ones; the 3 indicates a grouping of 3 tens. 

The place of each digit represents a value ten times as great 
as the value of the place of the digit immediately to its right. 

The place of each digit represents a value one tenth as great as 
the place of the digit immediately to its left. 

For the numeral 1111 the value of the digits can be shown as: 



10 x 10 x 10 
Thousand 


10 x 10 
Hundred 


Ten 


One 


100 x 10 x 1 


10 x 10 x 1 


10 x 1 


lxl 



For the numeral 4,736 the value of the digits can be shown 
as: 



4 x 10 x 10 x 10 



7 x 10 x 10 



3 x 10 



6x1 



Expanded Notation: Additive Aspect 

Expanded notation is a way of showing clearly the value 
of a number by adding the values represented by each digit. 
For example: 132 may be shown in expanded notation as: 

132 = 100 + 30 + 2 

132 = (10 x 10) + (3 x 10) + 2 

132 = (1 x 10 x 10) + (3 x 10) + (2xl) 





Role of Zero As a Digit 



Zero is one of the digits, just as 1, 2, 3«««9 3>re« 
As such, it can be considered a placeholder to show 
that there are no ones or no tens, etc# in a 
representation of a number. 

it 

For example, in the numeral 203 > zero indicates the 
absence of tens. 



TEACHING SUGGESTIONS 



Objective: To emphasize the relationship of tens to ones, hundreds to tens, 

thousands to hundreds, etc. 



Procedure 

1. Test childrens understanding of place value. 

Which numeral has the digit 6 in the hundred's place? 

186 603 560 3256 

What number does the 8, in each of the following, represent? 

871 80 1208 

Write the numeral for the number that is ten more than 960. 

What is the largest number which can be represented by using each of 
these digits { 3 , 5 , £, 4} only once? 

In writing the numeral for two thousand nine hundred three, in which 
place do we write the zero? 

In which of these numerals does 5 represent half of one hundred? 

750 45 500 50000 

If the 3 in each of the following were changed to 7i which of the 
numbers would be increased the greatest? 

2038 6318 3021 7324 



Replace the placeholder 

300 + n + 7 = 597 

268 - n + 8 



to make a true sentence. 

3405 = 3000 + n + 5 
n + 600 + 50 + □ - 4651 
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Mark the numeral on each line that is closest in value to the one 
in column A. 



A 








600: 


200 


400 


900 


300: 


325 


270 


288 


450: 


430 


500 


410 



2. Develop Place Value Through 10,000 
Use Squared Material when necessary. 

To represent 1000, prepare a strip of 10 "Hundred-Squares" taped together. 
Several of these strips may be used to represent larger numbers. Relate 
materials to the written symbols. 

Start with 1000 and gradually increase to larger numbers, e.g,, 1000 - 
2000; 2000 - 3000 $ etc. 

Caution: Use only teachers' demonstration materials (1") or only 

children's materials (1^2"). Do not combine teachers' and 
children's Squared Materials when representing a number. 

Stress the value of the digits, e.g., 3475 as: 

3000 + 400 + 70 + 5 

or as 

Thousands Hundreds Tens Ones 

3 4 7 5 

Emphasize those concepts with which children have difficulty e.g., 

1001, 1010, 1101, 2001, 2010, 2101, etc. 

3. Give children practice in using expanded notation. 

373 = 300 + n + 3 n + 600 + 50 + 1 = 4651 

136 - n + 6 2435 = 2400 + n + 5 

639 = n + 30 + 9 3000 + 600 + n + 5 - 3605 
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SETS; NUMBERS; NUMERATION 



UNIT 10 - SET OF FRACTIONAL NUMBERS: CONCEPTS AND COMPARISONS; EQUIVALENTS; 

COUNTING 



NOTE TO TEACHER 

All previous topics in this bulletin dealt with 
the set of whole numbers. 

Number lines have been marked at selected points 
which correspond to whole numbers. 

Now we wish to name points between those repre- 
sented by whole numbers. 

The number system must be extended to provide for 
more accurate measurement and to help deal with 
division which is not closed within the set of 
whole numbers. 

The extended set of numbers is called the Set of 
Fractional Numbers, 

A fraction can be considered either as a number 
or as a numeral. 

Any whole number may be expressed in fraction foran 
For example: etc. 

A fraction is the indicated division of an ordered 
pair of numbers where the second member of the pair 
is not zero. The second number of the ordered pair 
is called the denominator. The denominator indicates 
the number of parts of the same size into which a 
unit has been divided. 

The first number of the ordered pair is called the 
numerator. The numerator indicates the number of 
parts of the same size being considered. 



Ju l t <1* it*##****-' 









A fraction may he interpreted in several ways. 



1. As one or more parts of the same size into 
which a unit has been divided. For example* 

1 3 

4» 4 

2. As a comparison or ratio* For example* 

3*4 or 3 out of 4 

3. As one of each of the parts of the same size 
into which more than one unit has been divided. 
For examples 

^ meaning ^ of 3 or one of each of the parts 

of the same size into which 3 units have been 
divided. 

■~TT 

4. As an indicated division. For example* ^ 
meaning 3 * 4. 





Fractions can be represented in the following forms* 

7 

The (common) fractional form, 

The decimal form 0.7 

The decimal form is used for convenience when the 
denominator is ten or a power of ten. 



Mixed form is the name given 
involving a whole number and 




3.75 



to the symbol for a number 
fraction. For example* 



Children have used physical models and representative 
materials to develop fraction concepts. They have 
worked with units such as line segments, circular and 
rectangular regions. They have worked with 
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collections of things. They have developed concepts 
of equivalency by comparing regions of the same size 
and shape. 

The study of fractional parts in Grade 5 extends the 
application of comparisons and equivalencies. 

Equivalent fractions are thought of as different symbols or 
names for the same fractional number. 

Physical models and the number line are used to in- 
troduce new concepts and where necessary, to rein- 
force previous learnings. 

Children who need representative materials should 
prepare a kit (paper discs or commercial fractional 
parts) of the following: 2 wholes, 4 halves, 

8 fourths, 16 eighths, 6 thirds. 



TEACHING SUGGESTIONS 

Oblective: To reinforce and extend concepts of thirds, halves, fourths, 

eighths 



'£rocedgr§& 

1. Reinforce meaning of symbols 

1111 
Begin with j > £ > g > 3 



Ask children, referring, for example, to the above fractions 

What does the denominator 2, 4, S, 3 tell us? 
What does the numerator tell us? 

Which is larger, \ 0T \ > \ or 4 ? Why? 



For 



2 2. — it iL etc. ask children: 

3 > 4 > 8 * 8**8* 



What does the denominator 
What does the numerator 2, 



4, 8, 3, etc. tell us? 
3, 4, etc, tell us? 
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Which is larger in value, 

2 

To read the following: j 
To write, using numerals: 



^ or ^ ? Why? 

3 2 7 

* a • 2 , 8 * etc# 

two fourths, eight eighths, two thirds, 
etc* 



Continue with mixed form* Ask children: 

To read: 2 , 3 g > 1 ^ , etc# 

To write numerals for 

one and one-half two + three fourths 

two plus three eighths four and one fourth, etc* 

Emphasize that 2 jr means 2 plus ^ 



2* Use line segment diagrams for reinforcement of concepts involving 
one unit. 

Children draw a line segment to represent 1. 

Ask children: How many halves may be shown on this line segment? 



1 

1 


1 

1 


1 

1 


1 1 
1 


1 * 


Z 1 






1 _ JL 
1 ’ Z 

After line diagrams for halves have been developed children suggest 
ways to indicate fourths on a line segment* 

O 1 





i 



it 



o 



Q 

D 

0 



0 

0 

Q 

D 

D 

0 

0 




j 

L. 
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Discuss dividing the line into halves first , then each half into 
two equal parts. This reinforces the concept that one fourth is 

one half of one half* 

Extend to finding eighths on a line segment. _ , . 

Divide line segment into halves, then into fourths, finally into 
eighths. Thus, one eighth is one half of one fourth, or one 
fourth of one half. 

Children use line diagrams and rulers graduated in 8ths to deepen 
concepts of: 

Halves and Fourths 

i i 

| J 1 

» j_ !- 

| ± i ± -1 ± — l— it — | 



Halves and Eighths 

i i 



i i i i i i i i 

3 r i8~iri 'fr~ | T i TtT iTj 



Fourths and Halves 




Eighths and Halves 




Children mark the following 
true or false. They make 
false statements true. 





4 . 1 

* minus £ 
3 

2 times g 



1 

2 



+ 



2 

8 



Children complete the following opera- 
tions* 




G 

8 

G 

8 




1 G 

8 4 

1 Q 

8 4 




1 

3 
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Emphasize the fact that equivalent fractions are different names for 
the same nuiriber. 

‘Wholes and thirds 

Children rename 1 and 2 on the number line below as thirds. 



<r 



0 




z 

3 



1 




> 



Halves and Fourths 

Children indicate that: 

1 half has the same value as 2 fourths 

~ = ? times 7 

2 4 

i has the same value as j of ^ 
i is what part of j ? 



Halves and Eighths 

Children replace the M n w with the correct numeral. 



2 n 


4 




n 


8 _ 


n 


2 8 ' 


2 




8 * 


2 


8 


1 _ O 


1 




n 


k = 


n 

8 


2 8 , 


2 




8 * 


2 


i = n times 


i . 
8 » 




8 n 


part of 


| ; etc. 


Fourths and Eighths 












Children find solutions to 


the 


following: 






4-2 

4 8 ’ 


i 

4 


- 


n 

8 • 


6 . 
4 


n 

8 
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2^0 

4 4 ' 



4 n 8 n 

4 8 9 4 8 



1 * ? times g ; 

2 « ? times ^ ; 



^ is what part of j ? 
^ is what part of j ? 



Halves, Fourths and Eighths 
Children note that: 

^ is equivalent to 1 half or 2 fourths 
r equals: 

* 1 whole and 2 fourths, or 

1 whole and 1 half, or 
1 and 1 half, or lj 



Children substitute numerals for n and □ to make the following equations 
true* (n and □ represent different numerals) 




Children make these statements true* 



a d _ □ . □ 

2*3 4 8 




Hid 
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4* Comparisons - thirds, halves, fourths, eighths 

Children compare: 1 whole divided into fourths, with wholes of 

same size divided into thirds, eighths, etc* 

Children discover that: 

The more equal parts into which the whole has 
been divided, the smaller the parts will be* 

The fewer equal parts into which the whole has 
been divided, the larger each part will be. 



For each of 


the following ask children: 






Vlhich 


is larger? Which is smaller? 


Why? 




| or 


! 5 5 or b f or I 5 


\ or 

Ur 


b 


\ or 


b I or l } 


etc* 





Children use symbols ( >, < ) to show relationships between the 

pairs of fractions shown above* 



Children write > or < between each group of fractional numerals 
below to make a true statement* 



1 1 

3 4 



1 1 

3 2 



1 

6 



b 



i 



a 



2 

4 



9 



3 1 

8 2 



£ i 



8 2 



1 2 . 1 i . 

2 3 9 3 4 9 



Children solve for n in the statements below* In some cases more 
than one solution is possible* 



1 

2 

1 

4 




I 




n - ? 
n = ? 
n - ? 



5. 



Use line diagrams and rulers graduated in eighths to reinforce or 
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to introduce fractional parts involving more than one unit. 
Locating points on a line. 



Ask children to find 1 5 > 3 5 * ^ 2 * ^ 2 * 

Have them place a dot and label* 



6 \ , etc. 



Emphasize : ^ 

One point on the line represents 2 5 • 

2 - represents the distance or length from 0 to that point. 

2 j is 2 and ^ more. 

1 0 , 1 
2 means 2 + 2 • 



Children draw a similar line segment on which to indicate fourths* 
They locate such points ass 




Discuss distance from 0 and distance between points, e.g., 

between 1 | and 3 jj 

l 3 

between 2 j and 3 £ 

Proceed as above for eighths; thirds; halves; fourths and eighths. 

Discuss: 

a. Where 1 half, 1 fourth, 1 eighth are located on a 
number line. 
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b. Find on the number line: 



1 I L i 5 i £ 2 7 2 

*"• 9 J **■ l. > 7 Q * ° A > ( l. > 2 A 



a 



a 



2 * 4 

c* Find 1^ on the number line* How many halves in 1 



Find Itj on the number line* How many fourths in 1 j ? 



6. Enrichment Activities 
Present a number line* 



A 

o 



2 

-L 



8 

4- ,x 5 
1 **? 1 



<o 

_L 



3 

-L 



-L 



10 



Discuss: 

Distance from A to 8 a distance from B to C* Find Point C* 



0 

4 

2 i 

* 4 



B 



*1 
13 | 



etc* 



Compare the number line with a ruler graduated in eighths. 

Children find equivalents for more than 1 whole using line 
diagrams if needed* 



2 = 1 + 9 

2 A + * 

1 = ? + i 

2 2 



B 

2 — = — 

2 k k 






n 

4 



etc* 



etc* 



HlCV 
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D 




. O 
n + 8 




+ 



□ 

4 



etc* 



Children relate to ruler: 

Halves in 1 inch, 2 inches, 4 inches, etc. 

Halves in 1 | inches, 2 ^ inches, etc. 

Fourths in 1 inch, 2 inches, 3 inches, etc. 
Fourths in 1 ^ inches, 1 inches, etc. 

Eighths in 1 inch, 2 inches, 3 inches, etc. 

Eighths in ~ inch, j inch, ^ inch, 1 j inch, etc 

Eighths in 5 j inches 

Eighths in 3 | inches 



7. Counting 

Children use fractional parts and / or number lines to count forward 
and backward by halves, fourths, eighths. 



Counting Forward 



J__L 



1 Lj-J- 






ll 1 2 

«*■ a > x ft 



8 

2 1 2 2 
2 T > 2 l. > 



8 , 

2 
4 






! 4 

1 8 9 



113 1 

Later: 1*3, lp ^ ^ 2* 



0 3 0 i — 

^ 4* ^ 4 * * * * 



8* 

Later: 2r, 2 i, 2 



> » 



— ^ 3 

4 ' - 2 * ~ 4 " 



o 1 3 I 3 2 . 

3 L> 3 2 * 3 4 



Children record series of fractions which they counted. 
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I"- t 



Note: Some children need to count forward and backward with simpler 

intervals, e.g., counting forward by fourths beginning with j. 



Counting Backward 




2' 


§» 


2 

2 9 


i 

•V 

i 

* 

i 

* 

i 

r-ll CM 


Later: 


CM 


1 2 9 e ^ c# 


8 

4- 


£ 


6 

4" 


1 

* 

1 

* 

1 

1 

IA|4 


Later: 


2, 


1 \> 1 1 etc# 


8 


i 


6 


5 


Later: 


1, 


l b b i 


8’ 


8» 


8" 


t* 9 9 9 







Children record series of fractions which they counted. 

Children count forward or backward by ^ beginning with fractions other 
than j • They use number line, 

1 2 i i — — — 

V t’ 1 k 9 * 9 9 

3 j* k b \> > * , 

4 £ 3 £ 3 £ ~ - ~ . ~ — » et0 - 

Children count forward by 2 eighths beginning with any point on the line, 

1 



£ £ £ £ eto - 



Later* 2, Z. 

Later, g, g, g> 



1 8* > 



They count forward by 3 fourths beginning with any point on the line. 



I 1 a etc. 

g> 8* 



Later: g, jg, 1 | etc * 



They fill in the missing numerals: 



3i -- - 1 



8* 



8* 



> * ^ 8 9 



*1 







GEOMETRY AND MEASUREMENT 



UNIT 11 - MEASUREMENT: LENGTH 



TEACHING SUGGESTIONS 



Objective ; To reinforce and extend concepts of length; 

Relationships among standard units of length. 

Procedures 

1, Continue to develop finding ~ 9 i 9 ~ of a foot. Express in 

inches. * ^ 

Materials used: Various types of rulers; yardstick; tape measure. 

Discuss relationships: 

1 foot equals 12 inches (is the same length as) 

1 foot equals 6 inches 

2 

1 foot equals 3 inches 

4 

1 foot equals 4 inches 

3 

1 yard equals 12 inches 

3 

1 yard equals 1 foot 

3 

2. Extend development to include finding i of a yard. Relate to 
a yard. Express in inches. 

1 yard = 9 inches 

4 

1 yard = 1 of 1 yard 

8 2 4 

1 yard = 1 of 9 inches = 4 \ 

8 2 



inches 



*-|H 
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3. Measures relating to mailing parcel post packages. 

Have packages of different shapes for pupils to measure. They decide 
which packages can be sent by parcel post. Apply regulations: 'L^t 

70 pounds, measuring not more than 100 in. in length and girth combined. 
Girth is the distance around the package at its widest part. 




e.g.. Length = 20” 
Girth = 44 11 
Combined length and girth = o4" 



4. Reinforce Equivalents 

Teacher and children organize a table of the fractional parts of the 
foot and the yard in inches and stress relationships in various ways. 



Relationships among: 
Yards, Feet, Inches 
1 ft. = 12 in. 

1 yd. = 36 in. 

1 yd. = 3 ft. 
l/ 3 yd. * 1 ft. 
l/g yd. ■ 18 in. 



Feet and Inches 



1 


ft. 


= 12 


in. 


V 2 


ft. 


- 6 


in. 


V* 


ft. 


= 3 


in. 


v 3 


ft. 


= 4 


in. 


73 


ft. 


= 8 


in. 



Yards and inches 
1 yd. = 36 in. 
l/ 2 yd. = 18 in. 
1/, yd. = 9 in. 

3/4 yd * = 27 in# 

1/8 yd * = 4 V2 111 
V3 yd * = 12 ^ 

2/o yd. = 24 in. 



There are numerous ways of reinforcing these concepts and relationships 
by organizing different tables in tabular form. 
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Encourage children to prepare their own tables showing equivalents. 
Discuss alternate use of fractional parts of measurements. 

We purchase 1 ~ yd. of ribbon rather than 54 inches. 

^ 1 
A carpenter may refer to a length of board as 3 j feet 

instead of 39 inches. 



5# Provide practice in changing to different units. 

18 in. = 1 ft. 6 in. or 1 | ft. or j yd, 

1 i yd. = 3 ft. 18 in. or 54 in. or 4 \ ft., etc. 

2 yd. = □ in. 

4 

Since r yd. = 9 in., then j yd. — 9 in. + 9 in. + 9 in. = 27 in. 



6 # Number of feet in one mile. 

Suggested activities to develop the concept of the length of a mile. 

Estimate and then pace off the length of the classroom. 

Estimate and pace off distances in the playground. 

Pace off a block. 

Locate a familiar landmark about one mile from school. 

Pupils visualize the distance of a mile by: 

Observing the odometer while riding on a bicycle or in a car. 
Relating distance and time. 

Using pedometers on walks or hikes. 

Note: Children should be aware of the fact that the odometer in a 

car or on a bicycle registers distance in tenths of a mile. 



Discuss distances 

Approximate number of blocks in a mile. 

Number of blocks from home to school and from school 
to near-by places of interest. 

Bus trips from school to places of interest. 
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Vacation trips by car . 

Heights of mountains. 

Heights at which planes travel. 

Lengths of rivers and lakes. 

Distances run in races. 

Lengths of track in athletic stadiums. 



7# Have children construct charts to show distance from school to: 



Post Office 


11 blocks 


about ^ mile 


Museum 


23 blocks 


more than a mile 


Park 


8 blocks 


less than ^ mile 


Library 


5 blocks 


about t mile 
4 



^ Discuss units of measure of the Past: (Optional) 

cubit digit league 

fathom furlong span 



EVALUATION and J or PRACTICE 
SUGGESTED EXERCISES 

1« Tell which is more and why 

8 inches or 1 yard 

2 

1 j feet or 11 ^ inches 

2. Arrange the following units of length from the shortest to the 
longest unit. 



hand 

pace 



yard 



inch 



foot 



mile 





How many tt inches in this segment? 



How many jj inches? 



4 # Children answer the following: 



Ann had one yard of felt. She cut off 12 inches to make a pencil 
case. What part of the yard did she use? 



A piece of cloth is inches long. Jane cut off 1 yard to 
make a towel. How much of the cloth was not used? 

The teacher cut a yard of leather into 8 equal pieces to make 
bookmarks. Each piece was 

1 yard 8 inches 9 inches 4 1 inches 

2 2 

5. How many feet are there in a mile; how many yards} how many inches? 



♦Enrichment Activities (Optional) 



1. Extend concepts of the mile 
Children report on: 

History of the development of the distance of a mile. 



[ Originally the distance of a mile was establish 
as 1000 double paces. One pace is about 3 feet 

Relationship of length of football field to the mile. 

A football field is 100 yards or 300 feet in 
length. Twenty such fields would be about 



18 inches 



| yard 




j yard 




one mile 



Terms, such as: standard mil e, 

nautical mile. 



statute mile, 
knots 
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2. Measurements mentioned in literature, such as: 

"Charge of the Light Brigade" - Half a league onward. 
"Bible" - Noah*s Ark; Solomon* s Temple 



3. Have children explore possible ways to obtain the approximate height 
of a very tall object, such as the school flagpole. 

Hint: Compare with height of school building where each 

story is approximately 10 feet high 




or 



Child stands next to flagpole. Another child measures 
the length of his shadow and the length of the shadow 
of the flagpole. What is the relationship of the child* s 
height and the length of his shadow. 
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GEOMETRY AND MEASUREMENT 



UNIT 12 - MEASUREMENT: TIME 



NOTE TO TEACHER 



In grade 5, problems involving denominate numbers 
are solved by computing mentally. Problem solving 
should include the use of equivalents. Problems 
may be made by teachers using data from charts. 
Additional problems may be obtained from various 
textbooks. 



TEACHING SUGGESTIONS 



Objectives: To introduce finding fractional parts of time. 

“ To help children interpret and record time. 

To help children solve problems. 



Procedure 



The Calendar 



1. Reinforce 

Number of months in one year 
Names of the months of the year 
Names of the seasons 

Number and names of the months in each season 



2. Introduce ill 

Finding | , t > J of a year in months 

Relating j of a year to the seasons 



3 • Typical Problems 

Today is Sept. 25. My dental appointment is two weeks from today. 
What date will that be? 
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Halloween is on Oct. 31 • Invitations for a party should be mailed 
ten days in advance. On what day and date shall I mail them? 

(Children solve problems in a variety of ways.) 



Suggested Experiences 

Noting seasonal changes - weather, outdoor phenomena 
Computing variations in length of daylight, length of night. 

Marking data on calendar - classroom parties, assembly programs, special 
events, etc. - Computing length of time until event. 

Days, weeks, school days in a month, etc. 

Visits to dentist — twice a year, every six months, — semi-annually# 
Estimate calendar time since last visit. 

Ways in which to record dates - 1073/66, 10-3-66 



The Clock 



1. Continue to develop: 

Minutes in one hour, half hour, quarter hour, three-quarter hour 
Telling time by the hour, half hour, quarter hour, 5 minute intervals, 
etc. 

A#M. and P.M. - before noon and afternoon. Extend understanding to 
ante and post meridian. 

A day as extending from midnight to midnight 
2# Interpret and record time 



Assembly Program 


9:00 


A.M, 


Recess 


10:30 


A#M, 


Supper 


6:15 


P.M, 


Sunrise 


5:18 


A.M, 


Sunset 


6:50 


P.M, 


Lunch 


12:00 





(read as half past ten or ten thirty) 
(15 minutes after 6 or a quarter past 6 
or 6 fifteen) 

(18 minutes after 5> or 5 eighteen) 

(6 fifty, 10 minutes to 7) 

(12 noon) 



3» Solve "verbal" problems in a variety of ways. 

How long was it from supper to sunset? 

How much more daylight did we have today than we did on Monday? 
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Our Trip To The Museum 



Left school 


9:30 


Arrived at Museum 


10:15 


Lecture — Far North 


10:25 


Eskimo Exhibit 


11:00 


Film - Eskimo Life 


12:05 


Lunch 


12:45 



How long did it take us to get to the museum? 

To solve, children think: , i 

From 9:30 to 10:00 A.M. ( ^ hour), from 10:00 to 10:15 (^ 

The trip took J of an hour. 

Some children might compute in minutes: 

From 9:30 to 10:00 (30 min.), from 10:00 to 10:15 is an- 
other 15 minutes. The trip to the museum took 45 minutes, 

We came to school at 8:40. How much time did we have before we 
left for the museum? 

How long was it from the time we arrived at the museum until 
lunch time? 

We were due back at school at 3: 00 o f clock. If the trip back 
takes 50 minutes, at what time must we leave the museum? 

Some children may need to refer to a clock or a clock face 



_ ^9^i v iii es and / or Homework 

Children: . 

Compare variations in time of daylight, night. 

Plan for time of preparation and duration of party. 

Estimate amount of time for preparation of assembly programs, 
culmination of unit, etc. Use both calendar time and clock time. 

Compute time for out-door activities 
Plan schedule for the school day 

Note and record time of sunset and sunrise (refer to newspaper) 

Note changes in length of days # 

Construct and interpret charts based on mf o rmat ion found in 

newspapers, e.g., time of sunrise and sunset 

Note time of radio and television programs 

Note time spent in various activities outside of school 

Discuss best use of time at home 

Use schedules and time tables (discussing travel time) 



3 

FRir 



hour) • 



90 



* Enrichment Activities (Optional) 



Using Timetables and Bus Schedules 

Select two trains, two buses, or a train and a bus. 
Determine which has the greater speed by comparing 
travel time between the same places. 

Write a problem involving which train or bus to take, 
in order to keep an appointment in another city, at a 
specific time. 

Children look up and explain 

Other calendars, e.g. Gregorian 

Ancient devices for telling time: Sundial; water-clock 



etc. 
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SETS; NUMBER; NUMERATION 



UNIT 13 - SYSTEMS OF NUMERATION : ROMAN SYSTEM 



NOTE TO TEACHER 



The Roman System of Numeration is taught for 
two reasons. 

1. Understanding of various systems of 
numeration helps to deepen children *s 
understanding of the decimal system# 

2# Homan numerals are still used on clock 
faces, for chapter headings in books, 
on cornerstones of buildings, etc# 

We teach the Roman system as another way of re- 
cording numbers, another system of numeration# 

We should stress the relationships within the 
system and comparisons with the decimal (Hindu— 
Arabic) system of numeration# 

The Roman System uses seven symbols: 

I, V, X, L, C, D, M. 

The following principles are used in combining 
these symbols to represent numbers: 

1# The Rule of Repetition: When the Roman 

Numeral, I, X, C, M is repeated its 
value is added# For example: XXX represents 

10 + 10 + 10 . 

2. The Rule of Addition: The values of the 

Roman Symbols are added when the symbol 
representing the larger number is placed 
at the left in the numeral. For example: 

VII = V + I + I> DC = D + C 
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3. The Rule of Subtraction: ‘When a numeral 

of lesser value is written to the left of 
a numeral of greater value the lesser 
value is to be subtracted from the greater. 

See Item 2 under "Teaching Suggestions". 

(This is a late adaptation of the original 
Roman System). 

The subtractive property is used specifically 
to represent numbers such as: four, nine, 

ninety, four hundred, nine hundred. 

IV = four XL = forty CD = four hundred 

IX = nine XC = ninety CM = nine hundred 

Some comparisons that can be made with the Decimal 
system are: 

1. There is no symbol for "zero" in the Roman 
System of Numeration. 

2. Place Value is not used in the Roman System 
except when the subtraction rule is in- 
volved. 

3. The Rule of Repetition is not used in the 
Decimal System. 

4. The Rule of Subtraction is not used in the 
Decimal System. 



TEACHING SUGGESTIONS 

Objectives* To introduce new symbols and their values. 

“ fp 0 com pare the Roman System of Numeration with 
the Decimal System of Numeration. 

To provide practice in reading and writing Roman Numerals. 

Procedure 

1. Evaluate children *s understanding of the Roman System, 

Write the following in the decimal system of numeration: 

VII XXIX XXXV ecu 

XIV XLVI XL IX CXIV 



Write the following using Roman numerals : 

8 41 24 94 

17 39 50 140 

Write a Roman numeral of two symbols which shows that the value of one 
symbol is to be added to the value of the other symbol to obtain the 
value of the entire written symbol. 



Write a Roman numeral of two symbols which shows that the value of one 
symbol is to be subtracted from the value of the other symbol to obtain 
the value of the entire written symbol. 



Choose the Roman numeral on 
at the left: 

IV + VI 
IX + XI 
XXI +XIX 
XXV+XXV 



each line which is the sum for the additions 



WII ‘IWI X 

XX IXXI XXII 

XXXI XXIXIX XL 

XXXX L XXXW 



2 . 



Reinforce understanding of the Roman System 

Discuss the value of the basic symbols (I, V, X, L , G) used in the 
Roman system. 

Have children compare the Hindu-Arabic system of notation, which is 
a positional system, with the Roman system. 



Be sure children understand that: 

When a Roman numeral is repeated, its value is added 



II represents 
III represents 
XX represents 
XXX represents 
CC represents 



1 + 1 or 2 

1 + 1 + 1 
10 + 10 or 20 
10 + 10 + 10 
100 + 100 or 200 



or 3 
or 30 



Roman symbols "V" and "L" are not repeated, 
is represented by X and the value of two L*s 



since the value of two 
is represented by C, 



V*s 



When a Honan numeral of lesser value is written before a numeral of 
greater value, it indicates subtraction of the lesser value from the 
greater value. The symbols V, L are never written to the left of 
numerals of greater value 



The 

The 



I to the left of V 
I to the left of X 
X to the left of L 
X to the left of C 

symbol I may be used 

symbol X may be used 



(IV) indicates 1 
(IX) indicates 1 
(XL) indicates 10 
(XC) indicates 10 

subtractively with V 

subtractively with L 



less than 5 
less than 10 
less than 50 
less than 100 

and X only, 

and C only. 



0 
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3* Continued Development 

Test children* s ability to translate Roman numerals into Arabic 
numerals and Arabic numerals, through 399* 

Introduce D as the Roman numeral representing 500. Have children 
write the Roman numerals for 390 through 500. 

Provide practice in reading and writing Roman numerals which 
represent numbers through 500 and beyond. 



EVALUATION and J or PRACTICE 
SUGGESTED EXERCISES 



1. Children read the following: 

V VI IV 
X IX XI 
L XL LX 
C CCX XC 



VIII 


Etc. 






XXI 


XV 


XXX 


Etc 


LXIX 


XLV 


LVII 


Etc 


CIX 


CXI 


CL 


Etc 



2. Children write the following series using Roman numerals. 



10 - 19 
40 - 49 
70 - 80 



89-95 
95 - 106 
281 - 292 



310 - 319 
500 - 508 
590 - 600 



3« Point out the advantage of the Decimal System. (Optional) 



4# Explore one or two computations involving addition, and / or multiplica- 
tion using Roman numerals. (Optional) / 

5» Explain why the Romans did not include a symbol for zero in 
their numerals. (Optional) 
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OPERATIONS 



UNIT 14 - SET OF WHOLE NUMBERS: ADDITION AND SUBTRACTION; 

PROPERTIES APPLIED; 
HORIZONTAL FORMAT 



NOTE TO TEACHER 



Adding and subtracting by groups (mental compu- 
tation) involves computing from left to right 
rather than from a visualized vertical algorithm. 



This generally involves the application of the 
Associative Property for Addition. Children should 
recognize the need for quick mental computation in 
real life situations. 



Encourage children to compute "mentally" with the 
numbers that they can deal with easily. 



Encourage them to discover many ways to arrive a 
sums and remainders. There is no one correct or 
best way of arriving at a solution. For example: 

To add: . ... ,, . 

58 + 26 : A child might begin with the first 

addend and rename 26 as 20 + 2 + 4. He could 
then apply the associative property and think 
58 + 20 = 78, 78 + 2 = SO, 80 + 4 - 84. 



or 



A child might rename 58 as 50 + 8 and rename 
26 as 20 + 6. He could then apply the asso- 
ciative property and think 50 + 20 - 70, 8 + 6 

70 + 14 = 84 



14 , 



or 

A child might think 60 + 26 - 86, 86 - 2 - 84, 

etc. 



To subtract 192-29 • 

A child might think: 192-20 = 172, 172-9 = 1&3 
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or 

A child might think: 192-30 = 162, but since I 

subtracted 1 too many, I must add 1; 162 + 1 = 163. 

To compute using a horizontal format children need 
to have automatic response to basic addition and 
subtraction facts, and have ability in adding and 
subtracting numbers involving extensions beyond the 
facts. They need facility in regrouping numbers. 

In presenting addition or subtraction exercises: 

Record the entire exercise 
or 

Write one of the numerals and present the other 
orally 

or 

State the entire exercise orally. 

Children record only the sum or the remainders. 

Teacher may wish to write some of the partial sums 
or remainders as the child states the thinking. 



TEACHING SUGGESTIONS 



Objective : To develop facility in adding and subtracting "mentally" . 



Procedures 

1. Test children* s understanding of relationships. 

Children replace "n" with numerals, to make the equation a true statement. 

Indirect Application of 

Use of Associative Property Associative Property 



45 + 


23 = 65 + n 


68 - 23 = 


48 - n 


62 + 


19 = 72 + 8 + n 


92 - 57 = 


42 - n 


58 + 


36 » n + 6 


81 - 45 = 


n - 5 


324 + 


150 - 424 + n 


237 - 12 = 


227 - n 








Doubles and Near-Doubles 

49 + 50 = 100 - n 
250 + n = 500 
125 + 126 = 250 + n 
86 + 86 = 160 + n 
57 + 57 = n + 14 



Use of the 
Commutative Property- 

32 + 265 = 265 + n 
n + 458 = 458 + 24 
21 + 518 = n + 21 
57 + n = 112 + 57 



•rovide practice in adding and S ent t addiuL U aS S subLactio^ exercises 
subtraction fact* 



lave 



children explain this relationship. 



^Tdpa of inverse) 



66 + 7 = □ 
236 + 7 = O 
196 + 7 = H 
2256 + 7 =0 
1396 + 7 =0 



73 - 7 = O 
243 - 7 = n 

203 - 7 = O 

2263 - 7 =0 
1403 - 7 =0 



he following suggested 1ht\etehtf Sd ask 

hildren should find sums and remainders^ ^ne They show 

io^the'conmutative" and" Associative Properties are being used to 
justify steps in the computation* 



A 



27 + 27 = o 
65 + 65 = O 
45 + 18 + 26 = 
12 + 36 + 27 + 

67 + 61 = O 

56 + 57 = □ 

34 + 85 + 26 = 



G 

23 = 

□ 



□ 



80 - 39 = O 
99 - 14 = O 



B 



243 + 34 = n 
243 + 38 = n 
507 + 68 = n 
40 + 319 = o 



270 - 30 = 
567 - 60 = 

184 - 32 = 
364 - 45 = 



□ 

□ 

□ 

n 



c 

140 + 140 = 
122 + 122 - 
125 + 125 = 
115 + 115 - 

135 + 135 = 

220 - 160 = 
290 - 145 = 
350 - 175 = 



xtend development to numbers through 9999* the pro biems and ways 

r— u* «. u ~~ 

Lumbers first* 



j □ □ □□□□□ 



Present many more examples of each type within a series, (Read 4-place 
numerals as hundreds to facilitate arriving at sums and remainders). 



A 



B 



C 



D 



2300 + 3000 = H 

1160 + 1000 = n 
3226 + 2000 = n 
544 S + 4000 = H 



2416 + 60 — H 

2006 + 60 = n 
3652 + 20 = n 
5048 + 30 = □ 



1538 + 200 = n 
3215 + 300 = H 
4351 + 100 = H 
3642 + 200 = n 



2760 - 200 = □ 
1938 - 400 = 0 
4651 - 300 = H 
3842 - 500 = n 



5300 - 3000 = n 2476 - 60 = n 

2160 - 1000 = n 4870 - 40 = □ 

9448 - 4000 = o 1396 - 50 - n 

700 8 - 2000 = n 5078 - 30 = C! 



5117 + 700 = H 5617 - 700 = n 



E 



1163 + 15 = □ [May be thought through as (1163, 1173, U78)] 

2434 + 23 - □ 

62 + 4526 «* □ [May be thought through as 4526 + 62] 

3058 + 41 = □ 

5555 + 32 = □ 

1178 - 15 = n [May be thought through as (1178, 1168, 1163)] 

2457 - 23 -0 

3149 - 37 - D 

4189 - 22 - D 

5276 - 43 - □ 



2536 + 24 — n [Thought through as (25 36, 2556, 2560)] 

1769 + 25 - n 

1441 + 39 - n 

2657 + 18 - n 

3223 + 49 - n 

3244 - 26 = n [Thought through as (3244, 3224, 3220, 3218)] 

2560 - 34 = n 

1480 - 39 - n 

2675 - 18 = n 

3272 - 47 - n 



F 











***** 
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OPERATIONS 



UNIT 15 - MULTIPLICATION CP WHOLE NUMBERS* PACTS AND EXTENSIONS 
BEYOND THE FACTS 



NOTE TO TEACHER 



! 

I 

I 

I 

I 




Interpretation of Multiplication 



In Addition, an ordered pair of numbers is operated 
on to yield a third number called their sum. 

In Multiplication, a unique third number, called the 
product - , is similarly assigned to an ordered pair of 
numbers. 



There are at least two interpretations involving the 
operation of multiplication on the set of whole 
numbers. In previous grades children have interpreted 
multiplication as repeated addition. This interpreta- 
tion is shown below by the use of rectangular arrays. 
An array is an orderly arrangement of sets of things, 
numerals or other symbols. 

Consider these arrays* 




5 



4 



3 X 4 = 12 


4 X 4 a 16 


5 X 4 = 20 


or 




or 


4 x 3 - 12 




4 x 5 * 20 



In each of the arrays above the product may be computed 
*>y successive additions. 

Thus, the product for 3x4 may be interpreted by con- 
sidering 4 as an addend 3 times; 4 + 4 + 4 * 12 
or 3 as an addend 4 times as3 + 3 + 3 + 3 a 12. 
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Concept of Product Set 

Another interpretation of multiplication of whole 
numbers involves a situation such as the followings 

Joan has a set of 3 new blouses; 
a red. one, a yellow and a white one# 

She has a set of 2 new skirts; 
a grey one and a blue one# 

She wants to know how many different 
outfits she can have# 

Possible matchings s 

Grey skirt, red blouse 
Grey skirt, yellow blouse 
Grey skirt, white blouse 

Blue skirt, red blouse 
Blue skirt, yellow blouse 
Blue skirt, white blouse 

The Product Set (also called Cartesian Product) 
of two sets A and B is denoted by A x B and is 
defined as the set of all ordered pairs (a,b) 
where a is an element of Set A and b is an element 
of Set B. 

Here if A = {red, yellow, white] and 
B =* {grey, blue] 

then the six ordered pairs above list the elements 
of A x B. 

Notice that N (A x B) = 6 
N (A) =3 

N (B) * 2 

and that N(A x B) « N(A) x N(b) which is the 
reason why A x B is called the product set# 

Thus A x B in the above illustration can be repre- 
sented on a chart as: 

Red Yellow White 

Blouse Blouse Blouse 





. , * ,*„«***#. •***%*<** ft***,"**? ***** 
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and represented as an arrays 



Blouses 



Red 



Yellow 



White 



Grey 



3 Blue 



There are then, six matchings possible and we see that 
by this interpretation of multiplication of the ordered 
pair (2, 3) we arrive at the same array with 6 elements 
as in the first interpretation. 

The numbers operated on, 3 a nd 2, are called factors. 
The result of the operation, 6, is called the product. 



Properties of Multiplication 

Some of the properties that apply to multiplication 
and which will be used in this bulletin ares 

C ommutative Property f or Multiplication which states 
that reversing the order of the factors does not affect 
the product. 

For examples 2 x 3 * 3 x 2 

Associative Property of Mu ltiplication which states 
that the order of associating a product involving 
more than two factors does not affect the product. 



to Addition combines muiTipiicauxou <*uu. c*^*-*™ 
For examples 



and we obtain the same product in both cases, because 
of commutativity. 



Factor x Factor *» Product 



For examples 
6 x 5 » ( 



(3 x 2) x 5 * 3 x (2 x 5) a 3 x 10 




For 6 x 23, we can write 



6 x (20 + 3) * (6 x 20) +(6x3) 



For 23 x 6, we can write 



(20 + 3) x 6 = (20 x 6) + (3 x 6) 



Identity Element for Multiplication 



The number "One” has a special property with respect 
to multiplication. The product of one and any number 
is that same number. 

For example: 1 x 8 65 8 x 1 « 8 



Multiplicative Property of Zero 

The product of zero and any number is zero. 

For example: 0 x 8 a 0; B x 0 3 0; 0 x 0 » 0 



Closure 



The set of whole numbers is closed with respect to 
multiplication; that is, when multiplying any two 
whole numbers, the product is always a whole number. 
For example: 8 x 4 * 32 



Drill on Multiplication Facts and Extensions 
Beyond the Facts 



Multiplication and division facts were developed in 
Grade 4* However, .drill for automatic response is 
still essential in Grade 5« 

After an interval of meaningful drill, and/or, 
development, the teacher should test for automatic 
response. 

Keep drill periods short (5 - 10) minutes. 

Children* s responses may be written or oral. 

Written responses are preferable. 

Children record products or quotients only. 

Present sets of multiplication facts according to 
specific patterns or relationships. One or more 
of these patterns may be presented during the drill 
period. Guide cards showing these patterns may be 
used by the teacher for easy reference. 





Equations stressing properties of addition and 
multiplication can "be used as another form of 
drill. These , too, should he organized according 
to specific patterns. 

Relate the drill to the major topic to he developed 
wherever possible. 

Extension beyond the basic facts are needed for 
mental computation in multiplication and as background 
for division. 

Sentences should be presented in horizontal form. 

The teacher may record facts using words and numerals 
or numerals only, e.g. 2 sixes or 2 x 6. 

Children may read 3 x 6 as 3 sixes or 6 threes 
(3 - six times). 

Note that, because of commutativity of multiplication 
we no longer give just one interpretation to 3 x 6. 



TEACHING SUGGESTIONS 



Objectives : To help children extend their concepts of multiplication 

3 through the use of arrays. 

To teach the concept of factors, multiples. 

To reinforce m ul tiplication facts and extensions. 



Arrays 

1. Fresent a problem such as: 

Joan has a set of 3 new blouses; a red one, a yellow 
and a white one. She has a set of 2 new skirts; a grey 
one and a blue one. She wants to know how many different 
outfits she can wear. 

Ask children: 

In how many different ways can Joan match a blouse and 
skirt? 

Record the different matchings as children discuss them. 

Grey skirt, red blouse 

Grey skirt, yellow blouse, etc. 
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2. Teacher and children should prepare a chart on the chalkboard 
showing the different matchings. 



Grey Skirt 



Red Blouse Yellow Blouse White Blouse 




Blue Skirt 




; 



; 



3# Tell children that what we have shown is called an array * The 
array is also shown in another way in the Note to Teacher, page 

Ask childrens 

How many different blouses can Joan wear with her 
grey skirt? [3; red, yellow, white] 

How many different blouses can she wear with her 
blue skirt? [3; red, yellow, white] 

How many different skirts can Joan wear with her 
red blouse? [2; grey, blue] 

with her yellow blouse? [2] 
with her white blouse? [2] 

How many different outfits can Joan make matching 
2 skirts and 3 blouses? [6] 

How can we determine the number of different outfits 
Joan can have without preparing an array? [2 x 3 or 3 x 2] 

How many outfits would Joan have if she had 4 blouses 
and 2 skirts? 

Tell children to examine the array and ask them whether they can 
tell what an array is. Use a multiplication chart to show an 
array of numerals. Elicit from them that an array is an orderly 
arrangement of objects or numerals. 

Point out that here we use rectangular arrays. 



4* Present another problems 

Three boys (John, Ted and Bill) and 3 girls (Mary, Sue 
and Alice) came to the school parly. Draw an array to 
show how many different sets of partners there can be 
for dancing. 
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Direct children: 

To make an array to show the matchings in the problem* 

To tell how they can find the solution without counting the 
dots in the array. 

[Multiply the number of rows by the number of columns J 

To tell how they would find the solution without drawing 
an array. [Multiplication] 



5. Ask children to draw an array to show 4x5. 

Discuss the multiplication facts chart as an array. 



X 


0 


1 


2 


3 


etc 


0 


0 










1 












2 












3 












etc 













*6 # Ask children to draw an array to show 1 x 5; to show 0x5 (Optional) 



Factors 



1. Ask children: 

To give different numerals for a number such as 12 or 36. 
Teacher records responses. 



12 a* 8 + 4 

12 a 4x3 
12 a 24 * 2 

12 » 20 - 8 etc. 



36 =* 30 + 6 

36 S3 18 + l8 

36 * 9 x 4 

36 - 72 *5- 2 



To Select those names which involve only the operation 
of multiplication. [12 * 4 x 3| 36 =• 9 x 4] 



They may rename 12 and 36 as shown below: 



12 


a 2x6 


36 = 4x9 


12 


a 6x2 


36 m 6x6 


12 


a 12 X 1 


36 - 9x4 


12 


a 3x4 etc. 


36 » id x 2 



etc. 





To record many sentences involving multiplication using 
the numbers below as products: 

24 » 2l| dlj 63f 45 

e.g. [24 = 3 x d; 24 » 4 x 6; 24 « 2 x 12; 24 - 6 x 4; 24 - 24 x l] 



2. Tell children that the name given to numbers which are multiplied 
to obtain a product is "factors.*' 

Record: factor x factor = product 

Teacher should write the sentence: 3x6= Id. 

Children identify the factors. [3* 6] 

Present other multiplication sentences. Ask children to identify 
factors. 

Elicit from the children that multiplication involves finding a 
product when two factors are given. 



3* Patterns as shown in the multiplication table. 

Use rexographed outlines or graph paper to present the multiplication 
"table" as shown below. 



X 


0 


1 


2 


3 


4 


5 


6 


7 


d 


9 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


5 


6 


7 


d 


9 


2 


0 


2 


4 


6 


d 


10 


12 


14 


16 


id 


3 


0 


3 


6 














27, 


4 


0 


4 
















36 


5 




















45, 


6 




















54 


7 




















63 


d 




















72 


9 




















dl 



Include: The operational symbol "X"; 0 to 9 in 'the left hand 

column; 0 to 9 along the top row. 

Have children complete one row at a time as shown above. Help 
them to observe patterns. Ask: 

What are the intervals or the differences between two 
consecutive numbers in each vertical column? 

What is the relationship between the intervals and the 
heading? 
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Have children examine the products in any one column. 

How can you show that the product of any two factors is not 
affected by the order of the factors# 

Note the horizontal and vertical rows of Zero# 

Why are there complete lines of Zero? 

What property is involved? 

They note the numerals in the second row, and compare these with 
the heading# 

Why are they the same? (Property of "l" in Multiplication) 

Children note the numerals in the second column and compare these 
with the numerals at the left# 

Why are these the same? 

They should note that 12 appears four times. Why? 30 appears 
only twice. Why? 

They find the numerals that appear only once. Why? 



Multiples 

1. Teacher should record as children count in sequence. (3,6,9*12, 15, etc. ) 
Children should be asked to count by threes through 30. 

They can list, in sequence, multiplication sentences using 3 as the 

constant factor. (3 - 1 x 3; 6 = 2 * 3; 9 = 3 * 3l « - 4 * 3» etc.) 

Each number in the sequence above is the product of 1j wo faci:or # 

What factor appears in each multiplication? L3 J 



2. Tell children that all products that have 3 at a factor are called 
multiples of 3. Instead of saying ”3 is a factor of 12 , it is 
often convenient to say, "12 is a multiple of 3". 



3. Children should: 

List ten multiples of 3, beginning with 3. (3,6,9, 12, 15, etc. ) 

Explain why 6 is a multiple of 3? 9 is a multiple of 3; 

12 is a multiple of 3, etc. 



Name a multiple of 3« 
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Discuss zero as a multiple of 3» of 2, of every counting 
number. 

Name the smallest multiple of 3$ (0) the greatest (there 
is no greatest) 

List the first 10 multiples of 2; of 3; of 4; of 6. 



4* Teacher and/or children should record these sets of multiples. 

A. Multiples of 2: {0, 2, 4, 6, 8, 10, 12, ... } 

5. Multiples of 3s {0, 3* 6, 9» 12, 15, 18, ... } 

C. Multiples of 4s {0, 4, 8, 12, 1 6, 20, 24, ...} 

D. Multiples of 62 {0, 6, 12, 18, 24, 30, 36, ... } 

Ask the children to examine the sets above. 

What can you call 12 in Set A? [A multiple of 2] 

What can you call 12 in Set B? [A multiple of 3] 

What can you call 12 in Set C? [A multiple of 4] 



12 is a common multiple of which numbers? (a common multiple 
of 2, 3, 4) 



Find other multiples which appear in two or more of the sets. 
Explain. 



5. Children should be encouraged to state the meaning of a multiple 
in their own words. 



EVALUATION AND/OR PRACTICE 
SUGGESTED EXERCISES 

1. Name any multiple of 5* 

2. List four multiples of 7; of 8; of 9« 

3. Is 4d a multiple of 6? of 8? of 12? of 24? of 36? 
Justify your answers. 
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4* Which of the numbers below is not a multiple of 9? Why? 
63, 72, 27, 35, 62, 54, 45, 10 d, 225 

5. Write the first twelve multiples of 10; of 100; of 1000. 

6* Compare the multiples of 2 and 4* 

Is every multiple of 2 also a multiple of 4? Why? 
Is every multiple of 4 also a multiple of 2? Why? 



Number Line 



Another approach to interpreting multiplication of whole numbers is 
through the use of the number line* 

Present a number line: 

0 l 2 3 4> 5 (o 1 8 <) 10 II 12. i3 it is ifc n 18 ft 20 2 l n 2 i 



Suggested children* s activities: 

Use the number line to count by threes, fours, fives, sixes, etc* 
Begin with zero and state the multiples of 4» of 5» of 6, etc* 
Which multiple of 6 would follow 24; 30; etc. 



Facts and Extensions Beyond the Pacts 

1* Introduce the use of parentheses to avoid ambiguity in evaluating 
numerical phrases. (Order of Operations) 

Record: 4 x 6 + 2 s ? Discuss possible interpretations. 

(4 x 6 ) + 2 a ? 4 x (6 x 2) a ? 

What should 2+3x4 mean? Does it mean (2 + 3) x 4 or 
2 + (3 X 4)? 

Tell children that a convention used in mathematics is that in an 
expression such as the one above, without parentheses, multiplica- 
tion should be done before addition; thus here 2+3x4® 14* 

Provide drill and emphasize the role of parentheses* 

(3 x 6) + 6 ss n; ns 
(5 x 6) + lB a n; n® 

12 + (3 x 6) s n; ns etc. 

Children place parentheses to make the following statements true: 

4 x 6 + 12 s 36 ; 8 x 6 + 6 s 54; 6 + 7 x 6 ■ 4&; etc* 
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2. Reinforce additions to help children find products. Ability to add 
is essential for the application of the Distributive Property. 

Present the following additions. Follow with the multiplications 
that apply. For examples 

16 + 6 » n For 4 x 6 » (j x 6 ) + (l x 6 ) 

- l8 + 6 
= 24 

| 

v Y 

Using addition to derive product. 

Adding 6 to multiples Application of Distributive 

of 6 Property. 

Discuss the following with children to help them see how unknown 
products may be derived from known products: 

4b + 6 = n For 9 x 6 m (8 x 6 ) + (n x 6 ) « Q 

300 + 6 a n For 51 x 6 s (50 x 6 ) + (l x n) * G 

3. After drill and/or development of multiplication facts test children 
for automatic response to those facts. Use test results to organize 
children into groups for further drill. 

Suggested drills follows 



Adding 6 to multiples of 6 




lb + 6 , 


48 + 6 




66 + 6 , 


72 + 6 , 


120 + 6 , 


Adding multiples 


of 6 to multiples of 


lb + 12 , 


36 + 12 , 


24 + 18, 


60 + 12 , 


240 + 18, 


180 + 36 , 


Doubles of multiples of 6 




12 + 12 , 


l 8 + lb, 


24 + 24 


60 + 60 , 


120 + 120 , 


240 + 240 



300 + 6 



112 



Adding tens of sixes to tens of sixes 

120 + 60, 180 + 60, 420 + 120, 360 + l80, etc. 

4. For Multiplications 

Bnpnasize relationships (doubling, adding groups, etc.) in 
deriving each product from the preceding product. 

Doubling of sixes 



2x6, 


4x6, 


8x6; 


3x6, 


6x6; 


etc. 


8x6, 


16 x 6, 


32 x 6, 


etc. 






6x6, 


12 x 6, 


24 X 6, 


etc. 






30 x 6, 


60 x 6, 


120 x 6, 


etc. 






Adding sixes 












3x6, 


4x6; 


6x6, 


7x6; 


8x6, 


9x6; 


10 x 6 


11 x 6; 


20 x 6, 


21 x 6; 


30 x 6, 


31 x 6; etc. 


5x6, 


7x6; 


5x6, 


9x6; 


7x6, 


9x6; 


10 x 6, 


14 x 6; 


20 x 6, 


27 x 6; 


50 x 6, 


53 x 6; etc. 


Doubling and adding sixes 








4x6, 


8 x 62, 


9x6; 


3x6, 


6x6, 


7x6; 


10 x 6, 


20 x 6, 


21 x 6; 


20 x 6, 


40 x 6, 


43 x 6; etc. 


Subtracting 


sixes 










5x6, 


4x6; 


10 x 6, 


9x6; 






20 x 6, 


19 x 6; 


100 x 6, 


90 x 6; 


100 x 6, 


99 x 6; etc. 


Halving with 


. sixes 










100 x 6, 


50 x 6; 


50 x 6, 


25 x 6; 


25 x 6, 


12 | x 6} 


300 x 6,150 x 6; 


150 x 6, 


75 x 6; 


etc. 
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Using Equations 



Use patterns to arrive at solutions# Ask children to explain their 
thinking# When children record equations , the solutions for **n M 
should be recorded separately, for example: 



4x6 =» 24 

2 x 6 = n 



13 x 6 « 60 + n 
n * lB 



n a 12 




Prom 4 x 6 a 24, derive: 


Prom 5 x 6 a 30, derive: 


(by doubling) 


ti x 6 ^ n ^ 


10 x 6 a n; n a 


(by halving) 


2 x 6 a n; n a 


2^x6an;na 


(by adding sixes) 


5 x 6 a n; n a 


7 x 6 a n; n a 


(by subtracting 


3 x 6 a n; n a 


4 x 6 a n; n a 


sixes) 






Prom 


20 x 6 a 120, derive: 


Prom 100 x 6 a 600, derive: 




40 x 6 a n; n a 


200 x 6 a n; n a 




10 x 6 a n; n a 


50 x 6 a n; n a 




21 x 6 a n; n a 


130 x 6 a n; n a 




19 X 6 a n; n a 


99 x 6 a n; n a 


Adding 1 or more 


sixes 




5 X 6 a 30, 


9 x 6 3 (5 x 6) +H 




5 x 6 a 30, 


9 x 6 a 30 + (n X 6) a 


G 


6 x 6 a 36, 


7x6a(6x6)+G 




7 X 6 a 42, 


9 X 6 a (7 X 6) +□ 




d X 6 a 4 d, 


9x6 a (8x6) + G 




8 x 6 a 48 , 


9 X 6 a 46 + (n X 6) a 


G 


20 x 6 a 120, 


21 x 6 a (20 x 6) +□ 




20 x 6 a 120, 


24 x 6 a 120 + (n x 6) 




20 x 6 a 120, 


27 X 6 a 120 + (n X 6) 




50 X 6 a 300, 


51 x 6 = (50 x 6) +G 




50 X 6 a 300, 


53 x 6 a 300 + (n x 6) 


-G 



o 
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Adding 3*s 

2 x 3 * n + 3 

3 x 3 * n + 3 

4 x 3 * n + 3 

5 x 3 ■ n + 3 

6 x 3 * n + 3 



4 x 3 - » 

6 x 3 ■ n + 6 
8 x 3 * n + 6 
10 x 3 * h + 6 
12 x 3 ■ n ♦ 6 



3 x 3 - » 

5 x 3 * n ♦ 6 
7 x 3 - » ♦ 6 
9 x 3 *n + 6 
11 x 3 ■ n ♦ 6 



Doubling and Adding 3's 
3 x 3 » n 

6 x 3 » n + 9 

7 x 3 » n + 3 



3 x 3 - n 

6 x 3 ■ n + 9 
9 x 3 ■ n + 9 
12 x 3 ■ n + 9 etc. 



Practice 

5x4® 


8 + 8 + n 


7x5 


9x4* 


16 + n + 4 


5x5 


7x4® 


n + 12 + 4 


9 x 5 


8 x 4 * 


24 + n 


6x5 



15 + □ ♦ 5 

G ♦ 5 

15 ♦ Q ♦ 15 
25 + n 



•it* 



The suggested drill for adding 10 “sixes" may be applied. *e 
of the “tables.” Continue to read ae “sixes.” 



10 x 6 a* n 
20x6»n + 60*? 
30x6»n+60«? 
x6*n + 60*? 



14x6*60+n*? 
24 x 6 * 120 + n * ? 

34 x 6 - l 80 + n » ? 

44 x 6 * 240 + n » ? 



13 x 6 - n ♦ 18 «? 
23x6*n + l8»? 
33x6*n + l8*? 
43 x 6 « n + 18 * ? 

17x6»604'n*? 
27 x 6 * 120 + n - ? 
37 x 6 ■ 180 + n « ? 
47 x 6 ■ 240 +n«? 



Doubling One Factor 



2 x 4 * B 
4 x 4 =* n 

8 x 4 - n 
16 x 4 ■ n 



3 x 4 - 12 
6 x 4 * n 
12 x 4 * n 
24 x 4 ■ n 



7x4® 28 

14 x 4 * n 
28 x 4 - n 



9 x 9 - 81 
18 x 9 ■ n 
36 x 9 - n 
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Doubling One Factor; Keeping the Other Constant 



4x6 


•h 

CM 

I 


a 


10 x 6 


a 60, 


20 


40 x 6 


= 240, 


do 


60 x 6 


= 360, 


120 



x 6 * 24 + (n x 6); 

x 6 ss (10 x 6) + ( 

x 6 » 240 + (n x 6); 

X 6 nr 36O + (n X 6) a 



240 x6 a (nx6) + 720 a etc. 



); 

720; 



The product of 40 x 6 is how many times as large as the product of 
20 x 6? Explain, If we double one factor, what happens to the 

product? 



How many sixes are added to 30 sixes to get 60 sixes? 



Other Patterns 

If 10 x 6 a 60, then 20 x 6 a (n x 6) + (n x 6) 

and 30 x 6 a (□ x 6) + (n x 6) 

If 5 x 6 a n, then 10 x 6 a (□ x 6) + (□ x 6) 

and 15 x 6 a (3 x 6) +(? x 6) 



Encourage children to find a product in a variety of ways. Record 



as children explain, 

9 sixes s* lb + 16 + n a ? 

9 sixes a 30 + n a ? 

9 sixes a 24 + 24 + n a ? 

9 sixes a 60 - n a? 

24 x 6 a 60 + 60 + n 

24 X 6 = 72 + n 
24 x 6 a 120 + n 

123 X 6 a 600 + 120 + n 
123 x 6 = 360 + 360 + n 



(3 sixes + 3 sixes + 3 sixes) 

(5 sixes + 4 sixes) 

(4 sixes + 4 sixes + 1 six ) 

(10 sixes — 1 six ) 

(10 sixes + 10 sixes + 4 sixes) 
(12 sixes + 12 sixes) 

(20 sixes + 4 sixes) 

(100 sixes + 20 sixes + 3 sixes) 
( 60 sixes + 60 sixes + 3 sixes) 
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704 x 6 = (700 x 6) + n 
704 x 6 =* (70u x n) +24 
704 x 6 = (700 x n) + ? 
704 x 6 a (n x 6) + 24 
704 x 6 » 4200 + n 



evaluation and/or practice 

SUGGESTED EXERCISES 

1. Write a mathematical sentence to solve the following problems. 

Draw an array if necessary. 

Ann has two necklaces and 4 bracelets. 

In how many ways can she match her necklaces and bracelets . 

Pour children play the piano and 2 children play the violin. 
Make an array to show how many different duets can be forme 
consisting of a pianist with a violinist. 

How many matchings can you make of a set of3 with a set of 6. 
A set of 4 with a set of 6? A set of 5 with a set of 6? 

How many dots are there in an array if the two sets being 
matched have 6 elements and 7 elements, respectively. 



2. Interpreting Symbols; Evaluating Concepts 

Write each of the following in as many ways as you can. 

7+7+ 7+7-2 a 3 5 fours = 20 

x 5 

15 

4 x 6 n 24 

Which of these can be written as multiplication facts? 
2 + 2 + 2 + 2 3 + 3 + 3 + 4 

4+4+4+3 5+4+5+4 



Write these as multiplications. 
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3# One as a factor? zero as a factor 
Write these as multiplication facts. 

1 + 1 + 1 + 1 + 1-5 
0 + 0 + O a o 
1 + 1 + 1 + 1»4 
0 + 0 + 0 + 0=0 
1 +1 + 1 +1 = 'lxl 
l + l + l + l + l+ l = 6x] 
O+O+O+O+OslxO 
0 + 0 + 03 3x1 



Pill in the missing numerals. 

7 x 0 = ? 

4 X 0 a ? 

Since 6 x 1 « 6, then 1x6= 
Since 8x1 = 8, then 1x8 = 
Since 6x0 = 0, then 0x6 = 
Since 4x0 = 0, then 0 x 4 « 



Then "write these as additions. 
6 x 1 = ? 

9 x 1 = ? 

5 x 1 = ? 

? etc. 

*? 

m 

9 



4. Adding Groups 

Use the same patterns and equation forms illustrated below for the 
more difficult facts as soon as groups of children achieve automatic 
response to easier facts. 

Find numerals to make the following sentences true. 
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Adding 3*s 

2 x 3 * n + 3 

3 x 3 a n + 3 

4 x 3 » n + 3 

5 x 3 * n + 3 

6 x 3 * n + 3 



4x3 

6x3 

8x3 
10 x 3 
12 x 3 



R 

n + 6 
n + 6 
n + 6 

n + 6 



3x3 
5x3 
7x3 
9x3 
11 x 3 



ii 

n 4* 6 
» 4- 6 
n + 6 
n 4* 6 



Doubling and Adding 3's 

3 x 3 » n 3 x 3 * n 

6 x 3 * n + 9 6 x 3 * n + 9 

7 x 3 * n + 3 9 x 3 » n -f 9 

12 x 3 ■ n ♦ 9 

Practice 



etc* 



5x4*d+8+n 


7x5 - 15 + □ + 5 


9x4*l6+n + 4 


5 x 5 * m ♦ 5 


7x4®n + l2+4 


9 x 5 * 15 ♦ 15 


b x 4 * 24 + n 


6 x 5 * 25 4* n 


The suggested drill for adding 10 "sixes” be allied 


of the ‘'tables.” Continue 


to read as "sixes*” 


10 x 6 » n 


13x6«n4-l8«? 


20x6««n + 60*? 


23x6*n + l8*? 


30x6»n+60«? 


33x6»n4-l8«? 


40x6*n+60*? 


43x6«n+l8«? 


14x6*60+n«? 


17x6*604n*? 


24 x 6 * 120 + n « ? 


27 x 6 * 120 + n - ? 


34 x 6 - 180 + n - ? 


37 x 6 « 180 4- n » ? 


44 x 6 * 240 + n » ? 


47 x 6 ■ 240 4* n ■ ? 


Doubling One Factor 




2x4*8 3x4* 12 


7x4* 28 9 x 9 « &L 


4 x 4 3 n 6 x 4 3 n 


14 x 4 ■ n 18 x 9 ■ n 


8 x 4 » n 12 x 4 ■ n 


28 x 4 - n 36 x 9 * n 



16 x 4 ■ n 24 x 4 



□ X 4 3 


8 






□ X 4 * 


16 






□ x 4 ■ 


32 






12 x 6 


S3 38 


+ 


n 


14 x 6 


a 42 


+ 


n 


16 x 6 


U 

OC 


+ 


n 


18 x 6 


a 54 


+ 


n 



G x 4 » 

□ x 4 = 

□ x 4 - 



-□ 


20 x 


= □ 


40 X 


-□ 

1 


80 X 


= ! J 


60 X 




120 x 



12 

24 

48 

6 a 60 + n a □ 

6 a 120 + n a □ 
6 a 240 + n a □ 

6 a 180 + n a □ 
6 s* 36O + n * HD 



Halving One Factor 

4 x 8 is half as much as ? 

5 x 7 is half as much as ? 

3 x 5 is half as much as ? 

2 x 9 is half as much as ? 

□ x 3 - 30 □ 

□ x 3 = 15 □ 



x 8 5^3 

x 7 5x5 

x 5 5x6 

x 9 5x4 

X 4 « 40 

X 4 « 20 



* (10 x 3) - n = 

* (10 x 5) - n = 

3 (lO x 6) - n a 

S (lO X 4) = n = 

□ X 5 - 50 

□ x 5 * 25 



*? 

# 

9 

9 



Arriving at a Product in Various Ways 



15 x 6 


a 30 + 30 + n a ? 


( 5 sixes + 5 sixes + 5 sixes) 


15 x 6 


a 60 + n a ? 


(10 sixes + 5 sixes) 


15 x 6 


a 42 + n + 6 a ? 


(7 sixes + 7 sixes + 1 six) 


15 x 6 


a 120 - n = ? 


(20 sixes - 5 sixes) 


Since 


7 X 6 = 42 


Since 10 x 6 a 60 


and 


14 x 6 a n 


and 5 x 6 a n 


then 


15 X 6 » □ 


then 15 x 6 * G 



o 

ERIC 
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5. Using the Number Line 

Provide children with rexographed sheets* (5-10 number lines on 
each sheet) Children use separate lines to indicate their 
solutions to problems, ass 13 sixes, 21 sixes, etc* 

The lines below illustrate how various pupils might arrive at the 
product for l8 sixes* 




6 sixes + 6 sixes + 6 sixes » lb sixes * 36 + 36 + 36 

lb sixes * 10b 




tz s/xes a 5//C5 



12 sixes + 6 sixes « l8 sixes * 72 + 36 * 108 



0 to 20 


SO 40 


30 


60 70 


&o 


90 JOO JIO 


liiiilimlimlimliml 


iiiilimlmiliiiili 


niliiii 


U 


imlniilim 


limWl 


Inn 


iniliiiiLiilmiL 



. „ / sixes 

to sixes 

10 sixes + 8 sixes » 18 sixes « 60 + 48 * 108 



6. Write as many multiplication facts as you can to make each of 
these open sentences true. 



□ X A * 12 

□ X A » 18 

□ X A a* 16 

□ x A » 24 



□ X □ a 9 

□ x □ a 49 

□ X □ a 25 



7* Fill i» the mieeing nuroerels to make the open sentence true 






x4*6x4+4 


6 x 3 ■ 3 x □ 


x 3 « 6 x 3 + Q 


□ x 7 « 7 x 2 


x □■2x9+9 


4 x 5 ■ 2 x □ 


x 5 * 6 x 5 + G 


8 X □ m 4 x 4 


♦3+3+3+3«Qx3 


□ x 4 - 3 x 8 


x 4 « 8 x 4 -□ 
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OPERATIONS 



UNIT 16 - DIVISION OF WHOLE NUMBERS: FACTS AND EXTENSIONS BEYOND THE FACTS 



NOTE TO TEACHER 



In division we continue to operate on two numbers 
to obtain another number. Division is the oper- 
ation of finding one factor when the other factor 
and the product are known, 

factor x □ *■ product 
For example: 

2 x 3 = D requires the operation of multipli- 
cation for solution, 

0x3 = 6 

or require the operation of division 

2x0 = 6 for solution. 

The relationship of the arithmetic operations is 
shown in the diagram below. 



Addition 

¥ 


* Multiplication 

t 


I 

Subtraction — 


i 

> Division 



propertie s of Division 
Inverse Operations 



'Dividing by a number"is the inverse operation of 



, *multiplying by that number 

X ( o 



ft 







4 x 6 =* 24 
24 4- 6 = 4 



We develop and drill division facts by relating 
them to associated multiplication facts. 



Commutative Property 

Commit at ivity is not a property of division. 
8 t 4 / 4 8 



Distributive Property 

In division the dividend can be renamed and the 
Distributivity of Division with respect to Addi- 
tion can be applied. 

For example: 

48 4 - 8 * (40 4 - 8) + (8 + 8) 

However the divisor cannot be renamed to apply the 
Distributive Property of Addition. 

For example: 

48 + 8 t (48 4* 6) + (48 + 2) 



Closure 

The set of whole numbers is not closed with respect 
to Division. 

For example: 

8 4-4 is a whole number [ 2 ] 

8 4-3 is not a whole number 

Division is not Associative 
For example: 

(8 4- 4) 4- 2 *» 1 
8 4- (4 4-2) »4 



but 
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TEACHING SUGGESTIONS 



Objectives ; To help children understand that a division undoes its related 
multiplication . 

To reinforce and j or develop division facts* 

procedures 

Drill division facts by relating them to multiplication facts* 

Fasts may be recorded with words and numerals, or with numerals 
only. For example: 

? sixes = 24 or 6)~24 Children read 6) 24 

as "how many sixes in 24?” or "24 divide by 6". 

To help children find quotients they do not know, encourage them to 
begin with known quotients* 

To find the number of sixes in 42: 

Since 6 sixes = 36, and 42 « 36 + 6, 

Therefore, there are 7 sixes in 42 (1 more six) 

or 

Since 5 sixes = 30, and 42 = 30 + 12 
Therefore, there are 7 sixes in 42 (2 more sixes) 

Provide practice in adding a number of sixes to the dividend* 

Adapt these suggestions for sixes to other division facts* 



Present the following patterns and relationships* 
Have children complete the open sentences* 




To find 


Use Known fact 


Then double 


6) 24 


2 x 6 - 12 


□ x 6 *= 24 


6f48 


4 x 6 = 24 


□ x 6=48 


6)15 


3 x 6 = 18 


□ x 6 - 36 


6)120 


10 x 6 = 60 


Gx6 =120 


6)1200 


100 x 6 = 600 


a x 6 =1200 



0 




124 



2* Using the Distributive Property 

Have children find quotients: 

ntn 

6 ) 72 as 6) 36 + 36 - □ 

n + n 

6 ) 96 as 6) 48 + 48 - O 

n + n 

6 ) 120 as 6) 6o + 60 = □ 

Since 6 sixes = 36 

Then G sixes = 42 Why? [36 + 6 *■ 42] 
And □ sixes = 43 Why? 

Since & sixes = 43 
Then G sixes « 56 Why? 

Since 10 sixes =* 60 
Then □ sixes =* 66 

Since 100 sixes ** 600 
Then G sixes =* 606 



Adding sixes 

2 sixes * 12 
□ sixes = 24 Why? 

G sixes = 36 Why? 

G sixes = 43 Why? 

Renaming the dividend; Quotient: 10 + a set of sixes 



sixes 


in 120 =» 


6)~Sc 


+ 


6f 


"n 


sixes 


in 120 ■ 10 + G 


sixes 


in 


78 • 


6f5o 


+ 


6f 


~n 


sixes 


in 


78-10+0 


sixes 


in 


96 * 


6)~So 


+ 


6f 


~n 


sixes 


in 


96-10+0 



Mixed Patterns ^ 

sixes in 73 = 6) 66 + 6) n * □ 
sixes in 73 = 10 + n * □ 

sixes in 73 ** 6)*"36 + 6) 36 + 6) n 




Children find the missing factor in the following sentences. 

n x 7 — 35 n =* ? n x 8 a 72 n=? 

n x 7 ® 49 n a ? n x 8 =* 80 n = ? 

nx7 = 63 n » ? n x 8 « 88 n = ? 

Test children for automatic response to division facts after 
drill and j or development. 

Use test results to organise children into groups for further drill. 



EVALUATION and j or PRACTICE 



SUGGESTED 



dm a 



rtCISES 



Answer the following: 

In the sentence 6 x n = 42, 6 is a known factor of the product 42. 

What is "uncalled? [unknown factor] 

What operation can be used to find ,, n M [division] 

What number will replace "n« to make the sentence true? [ 7] 
Write this sentence in another fornu [ 6) 42 ] 



For each multiplication fact below write a related 

6 x 7 « 42 [42 + 7*6 or 

9x8=* 72 [72*8-9 or 



division fact. 
61 

7) 42, 

v— 2 ! 

8) 72 



. Rewrite each multiplication sentence as a sentence involving division. 

6x5 = n [6 x n “ 30 or 30 ♦ n * 6] 

4 x 9 » n [n x 9 » 36] 
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4* Complete the f ollowing charts 



Mathematical Sentence 


Operation Used 


Unknown 

Factor 


n x 9 = 54 


+ 


*> 

• 


9 x D = 63 


*> 

0 


7 


? 




12 



5* Write each of the following in as many ways as you can, using words* 



3 ) 27 24 + 6 



6 * Rewrite these division examples using + sign, 

4)~20 9)18 7)~5S 

At another time, the teacher might ask the children to rewrite 
the division example from + to ) form* 



7* Circle the numeral that shows what is to be divided* At another 
time, the teacher might ask the children to circle the numeral that 
shows the number of equivalent sets* 

8 ) 32 64 + 8 = 8 Sixes in 54 are 9 



Write the related division fact for each of the following: ( A ) 

Write the related multiplication fact for each of the following: 


A 


B 


2 


3 


2 x 6 = 12 6 ) 12 


6 ) 18 3 x 6 « 18 


4 x 6 =*? ? 




8 x 6 *=? ? 


2 )*TT ? 


9 x 6 **? ? 


? 


etc* 


4) 24 ? 



( B 






127 



9. Circle each of the following that can be divided evenly by 4. 

10 11 17 14 16 19 15 8 13 6 

12 18 20 31 24 29 32 28 30 35 36 



10* C omp 3.ete each of the following; 
n n 

4)12" = 4 fir + 4) 16 = n 

n n_ 

k)~W = 4 ) 28 + 4) 28 = r. 

n n 

4)“72" * 4) 3 <T + 4) = n 

etc. 



4) 28 = 
4)~5T = 
4)“5o- = 
etc* 



n 

4) 20 

n 

4) 40 
n 

4) 40 



n 

4) 5 

n 

4)i5" 

n 

4) 20 



n 

n 

n 



3) “24 = 3)"l2 + 3)_n =* 7 

4) 14 = 4)~32 + 4 )_n = ? 

3)14 = 3)~27 + 3 ) n = ? 



3) 39 

5fS5 

4) 92 



3) 30 + 3) 
5)15 + 5) ? 

4) 15 + 4) ? 



9 = 



n 

n 

n 



? threes = 27 



11. Circle the dividend in each of the following: 

25 -t- 5 = 5 35 divided by 7 equals 5 

There are 8 nines in 72* 

Variations: Circle the divisor. Circle the quotient. 

12. What is the largest remainder you can have when you divide 

by 5? 57 4? 57 9? 

13. For each of the following numerals write the eldest smaller 
3 number which can be divided by 7 without a remainder. 



20 



36 



23 



62 



50 



47 



10 



14. Apply these patterns to sixes, sevens, eights and nines. 



Doubling the Dividend 

? sevens = 14 
? sevens = 14 + 14 
etc. 



? sevens = 28 
? sevens = 28 + 28 
etc. 



? sevens = 21 
? sevens = 21 + 21 
etc. 
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Halving the Dividend 



7)~28 - 7 fH 


+ 


7) 14 “ n 


7)14- 


1 + n 


7)1S « 7)“2T 


+ 


7)~28 - n 


7fA2 = 


3 + n 


7)TT- 7)*21 


+ 


7)11 = n 


7)1S = 


4 + n 


7)~W m 7)~W 


+ 


7)lf-n 


etc* 





* Enrichment Activities ( Optional ) 

Explore some of the properties of division* 

Give an example to show that division is distributive with 
respect to addition when the dividend is renamed. 



Use the same example to show that the Property of Distribution 
of Division over Addition does not apply when the divisor is 
renamed* 



Give an example to show that division is not Commutative; is 
not Associative; that Closure does not apply to division; that 
dividing by a number is the inverse operation of multiplying by 
that number* 



o 
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SETS; NUMBER; NUMERATION 



UNIT 17 - NUMBER: "BETWEENNESS" 



NOTE TO TEACHEii 



To make reasonable estimates children should under- 
stand the range or limits within which estimates can 

be made* 



Estimating is a form of "mental computation*' to ar 
rive at ’the approximate value of a mathematical 
computation# 



To help in estimating sums, remainders, products and 
quotients children should understand the meaning of 



"betweenness", i.e., when a point on 

t i • ~ 4- U ^ e? omo 1 ' 



a line lies be- 

tween two other points on the same line# When th 
points are associated with numbers on a number line 
Mvi T rl-ppri deal with both whole and fractional numbers, 



Estimation involves the application of some of the 
properties of the fundamental operations and helps 
children to find answers to exercises by "mental 
computation" . 

Experience situations for estimating may be found 
in newspapers, periodicals, tables of statistics, 
time lines, graphs, etc. 



TEACHING SUGGESTIONS 



To help children understand the concept of "betweenness 
for numbers and points on a line. 
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Procedures 



1. Draw a line on the chalkboard. Label two points as shown. 



A B 

< -* > 



Ask children to mark a point between A and B and label it. Discuss 
the position of this third point. 



2, Draw a number line on the chalkboard, Mark off points and label as 
s own below. 



* ■ * — — JL— ■ - , — A ^ 

10 20 30 4C 50 

Direct children to: 

Name the point between 10 and 30, between 30 and 50. 

Mark the point approximately midway between 30 and 40. Name it 

Mark the point approximately midway between 10 and 20. Name it 

Find a point between any points that are now on the line. 

Name it as accurately as you can, 

3* Draw a line segment. Label points as shown. 

1 2 



Have children: 

Mark off the mid-point between points 1 and 2 and label it. 

Find a point that is midway between 1 and 1 ^ ; 

1 

between 1 ^ and 2. Label these points. 

Find points midway between each of the points now named on 
the line segment. 



o 





131 



Discuss the position of the points between points 1 and 2 
Ask children: 

Which point is halfway between points 1 ^ and 2? 
Which of these points is nearest to point 2? 

Is J5 nearer to point 1 or to point 2? 







8 

Q 1 • 

Is 1 g nearer to point 1 ^ or to point 2; 
to point 1 or to point 1 2 ? > etc* 



A. Draw several vertical lines on the chalkboard* Children use lined 
paper* Label as illustrated* 



ii 


■ / 


4 


i 






— 1210— 




80 


PPU 

rnn 


1209 — 




79 


— P^7 


l°08^ — 




78 


— “p<su 


1207 — 




77 


0^1 


— 1206 — 






- — 


1205 — 




— 75 


>Sp 

rr\ l 


1204 — 




74 i 




-1203 — 




73 


— — 


1202 — 




72 


— P^ 


1201 — 




— 71 




rr\f\ 


1200 — 




70—' — 










* 


f 


r 



Ask children: 

Which numbers are between 70 ^0? 

Which number is halfway between 70 and 80? 

Is 78 closer to 75 or 80? [closer to 80] 

Is 75 closer to 70 or 80? 

Have children note the position of each numeral on the B line in 
relation to 520 and 530* 



Ask children: 



Is 523 closer to 520 than to 530? 

Is 527 closer to 530 than to 520? 

Are 521, 522, 523, 524 Closer to 520 than to 530. 

eoA 527 528. 529 closer to 530 than to 52U. 
is 525 the sime distance (half way) from 520 as it is from 530? 






n 



Tell children the halfway number (525) used as a guide in 

deciding whether a number is closer to next greater 10 or the next 

smaller 10* 



n 



Encourage children to use a variety of terms to express their 
thinking, e.g. 

522 is nearest in value to 520, 

522 is closer to 520 than to 530. 

522 is between 520 and 525. 



Proceed as above for line C« 



5. Draw horizontal number lines. . 

Children should discuss the position of each numeral on the number 

line in relation to: 

the next higher hundred; the next lower hundred. 



U 



200 


210 


220 


230 


240 


250 


260 


270 


280 


290 


300 


« — 




















1 


j 


3300 


3310 


3320 


3330 


3340 


3350 


3360 


3370 


3380 


3390 


340< 

— — A 


0 

n 


< — • 




















1 


D 


15400 


15410 


15420 


15430 


15440 * 


15450 


15460 


15470 


15480 


15490 


1550 





□ 



EVALUATION and j or PRACTICE 
SUGGESTED EXERCISES 



1 . 



Which ten comes after 39? Before 41? After 99? After 89? Before 71? 
Which hundred comes after 199? After 799 ? Before 801? 

Which thousand comes after 2999? After 8999? Before 9001? 



U 






2. What is the cost of the following items to the nearest dollar? 

Shoes marked $9.35 Hat marked $8.85 Dress marked $13.75 
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3. Give the value of each of the following to the nearest ten, 
the nearest hundred, the nearest thousand. 





Nearest Ten 


Nearest Hundred 


Nearest Thousand 


5169 


5170 


5200 


5000 


3228 

12,356 

27,494 









4, 2176 is between H thousand and A thousand. 

It is nearest in value to O thousand. 

15,429 is between □ thousand and A thousand. 
It is nearest in value to O thousand, 

862 is between O hundred and A hundred. 

It is nearest in value to O hundred. 



134 



OPERATIONS 



UNIT 18 - ADDITION AND SUBTRACTION OF WHOLE NUMBERS: VERTICAL FORMAT 



NOTE TO TEACHER 



The vertical algorithm is generally used for 
written computation. 

An algorithm is the form used to record the steps 
of an arithmetic computation. It may take various 
forms. 

At this grade level children should have the ability 
to rename numbers or to use expanded notation in 
order to deal with computations requiring exchange. 

Estimating sums and remainders precedes written compu- 
tation. Ways of arriving at reasonable estimates will 
vary depending upon the ability of the child. 

Final solutions should be compared with estimates. 

Verification should follow computation. 

Teachers and children should be aware of how ap- 
propriate properties of operation apply to written 
computation. 



TEACHING SUGGESTIONS 



Ob-iecti v e : To develop skill in written computation in addition and 

— subtraction, with emphasis on 
Estimating answers 
Understanding algorithms 



Procedures 



1. Test children^ ability to rename numbers 
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34- ones ** "tens 4 ones 

15 tens a h undreds . tens 

19 hu n dred s a _ _____ "thousand _____ hundreds 

We may exchange 93 for . "tens 13 ones or 

We may exchange 174 for: 

______ tens 4 ones 

_____ tens 14 ones 

one hundred tens 14 ones or for _____ 



We may exchange 500 for: 



hundreds 10 tens ones 

hundreds 9 fens _____ ones 
49 tens ______ ones 



Pill in the "blanks: 



8 dollars 6 dimes 
7 dollars 12 dimes 

4 dimes 6 pennies 

5 dimes 19 pennies 



2 pennies = pennies 

4 pennies m 8 dollars dimes 

pennies 

a 3 dimes p ennies 

33 6 dimes pennies 



2 . 



We may exchange $6.87 for: 

6 dollars 7 dimes pennies 

5 dollars dimes 7 pennies 

5 dollars 17 dimes pennies 

dimes 7 pennies 



Reinforce children's ability to rename numbers to help them under, 
stand that renaming does not change the value of the original 
quantity* 



Children complete the following: 

3 hundreds = 300 or 

10 tens « □ 

7 ones 

407 

5 dollars ** $5*00 
17 dimes » □ 

17 pennies * *17 

□ 



39 tens « □ 
17 ones » 17 



□ 



5 dollars =* $5*00 
□ dimes « 1*80 
7 pennies » • 07 

107 






136 



3. Emphasis should be placed on arriving at estimates of suns and 
remainders. The following are illustrations of various ways in 
which children can make estimates from less mature thinking to 
more mature thinking. 



Children should record estimates before they compute the exact sums 
and remainders. 



428 

69 

276 



Add the hundreds. Think of 8 9 as about 100 

Estimate: About 800 (400 + 100 + 300) 

or 

Add the hundreds, then the tens (600 + 170) 

Estimate : About 770 

or 

Add the hundreds and tens as tens 
(43 tens + 9 tens + 28 tens) 

Estimate: About 800 (60 tens) 



Add the dollars. Think of $,89 as about $1 and 
# g 9 $1,96 as about $2,00 

L Estimate: About $6 ($3 + $1 + $2) - 

Add the dollars, then the dimes. Think of $.89 
as about $.90 and $.96 as about $1. 

Estimate: About $6 ($4 + $*10 + $.90 + $1,00) 



732 Subtract the hundreds only. Estimate: about 400 

- 367 Subtract 400 from 732. Estimate: 332 

Subtract 36 (tens) from 73 (tens). Estimate: about 370 

(37 tens) 

$7.25 Subtract the dollars only. Estimate: about $4 

~ 3.89 Subtract $4 from $7. Estimate: about $3 

" " Subtract $4 from $7*25* Estimate: about $3*25 

Provide practice in estimating only, to develop facility in arriving 
at reasonable estimates rapidly. 
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1 



Have children write their own 

105 + 89 + 236 
239 + 93 + 576 
72 + 134 + 681 + 9 

315 + 492 + 87 + 73 



estimate for each of the following? 

612 - 298 
709 - 188 
890 - 287 
596 - 129 



4. Present problems. Have children estimate, compute, then verify solutions. 

Children should check addition by adding in the opposite direction. 
(Application of the Commutative Property) 

Children should check subtraction by adding the number subtracted to the 
reminder. (Application of the Property of Inverse Operation) 

732 Check: 365 (number left after subtraction) 

367 +267 (number that had been subtracted) 

3^15 732 (number with which we started) 

By subtracting the remainder from the minuend. 



732 
- 367 



Check: 732 

- 365 



5. Continue to develop skill in addition and subtraction. 



Provide practice in addition, sums in tens, then in hundreds. 
With 2-place numerals - 
With 3-place numerals - 

With numerals representing quantities of money - sums 
through $9*99 




Subtraction 



Continue to develop or provide practice in subtracting from minuends 
through 999; from minuends through $9*99 - 1 and 2 exchanges - 1 zero 
in the minuend. 

SO 56 387 464 807 520 148 $3.03 $8.30 

zJl zJH - 130 - 356 - 664 - 349 - 63 - 1.25 -5.95 

Some children may be able to compute from left to right and should be 
encouraged to do so. Sums and remainders, therefore, are recorded from 
left to right. This addition may be thought through as: 





23 


23, 33, 37, 67, 97, 98 




14 


Children then verify the sum by computing 




30 


beginning with the ones column. 




31 




56 




This subtraction may be thought through as: 


- 37 




56, 26, 19 


387 




This subtraction may be thought through as: 


■ 130 




387, 287, 257 



6. Be sure that children: 

Record estimates (or exact sums and remainders) before they compute 
with pencil and paper. 

Compare sums and remainders with estimates. 

Check sums and remainders. 

Include problem solving in the development of the addition and subtraction 
processes. 



7. Present addition and subtraction problems using a variety of directions and 
indicating the processes. 

Children may find solutions to the following problems 
Find the total for 20S, 89, 483, 87, 136 

Add 8 + 7 + 3 + 4+ 6+ 2 + 9 + 7 ss n 



Add 



352 

176 



$56.50 

9.79 
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Find the sum: 5128 $6.03 + $1.96 + $.72 

3641 

Subtract 219 from 456 * 

Find the difference between 276 and 721. 

609 minus 360 = n 

From 7425 subtract 5023 • 

Take $4.36 from $8.00 

How much more than 762 is 851? 

$47.79 

- 8.76 

Underline the example you would use to find the value of "n" in 
383 + n - 567 

567 567 567 

+ 383 x 363 - 363 



8. Include "verbal" problem solving in addition to the items suggested above. 

9. Include more exercises from textbook and J or workbook. 



10. Terminology 

The teacher and children should use mathematical terms pertaining 
to addition and subtraction. 

The following list suggests terms to be used rather than such expres- 
sions as "answer", "borrow", "cariy", "left over", etc. 



add 

addition 

addend 

sum 

total 

plus 



subtract 

subtraction 

difference 

remainder 

minus 



place value 
estimate 
exchange 
regroup 
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OPERATIONS 



UNIT 19 - ADDITION OF FRACTIONAL NUMBERS; COMMON FRACTIONAL FORM 
HORIZONTAL FORMAT 



NOTE TO TEACHER 



Refer to Unit 15 for the development of concepts 
and comparisons for halves, fourths, eighths and 
thirds. 

Before children can add fractional numbers they 
must know: 

Fractions with like denominators can be 
added by adding the numerators. 

Fractions with unlike denominators can 
be added by changing them to equivalent 
fractions with like denominators. 

Addition of fractional numbers presents no 
problem when children understand that any 
fractional number nay be renamed in many ways# 

Encourage children to express sums of fractions 
with the smallest denominators# For example. 



Properties of Operations With Fractions 

Properties of addition apply to fractional 
numbers as well as to whole numbers# 

Addition of fractional numbers is Commutative 
For example: 

2 + 1*2 
3 3 3 

1 + 2-2 
3 3 3 
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Addition of fractional numbers is Associative. 
For example: 

1 + + (! + Z) + i 

4 V 4 2 / V 4 4 ' 2 

1+5 = 4+2 

4 4 4 4 

6 = 6 

4 4 

Zero is the identity element for addition of 
fractional numbers. For example: 

0 + 2=3 
4 4 

2 + o = 2 

4 4 



Objective : To develop skill in adding related fractions; halves, 
fourths, eighths. 



TEACHING SUGGESTIONS 



1< Reinforce counting forward with fractional numbers. 

Use a number line and a ruler graduated in eighths. 

Note: Skill in counting forward increases childrens ability 

to add "mentally" . 

Ask children to complete the chart below. 



Use number line. 

Begin with 

0 

2 




n 



Fill in missing numerals. 

Size Number 

of Interval of Moves 



2 



1 

2 

1 

2 



2 

1 



1 

2 

1 

4 

1 

2 



5 

9 

4 

□ 

30 



End with 

n 

n 

n 




117 
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2. When adding fractions mentally children may think forward from the 

entire first addend and add that part of the second addend needed to reach 
the next whole number. (Applying The Associative Property). 



Problem: We need 2 pieces of shelving paper, one £ yd. 

8 

yd. How much shelving paper shall we buy? 



and the other £ 

8 



Children think forward to complete the whole 

5+7=1+3+4=1+4=11 
8 8 8 8 8 8 2 




3. Reinforce addition of fractions with like denominators. 

Children may use number lines and rulers where necessary. 

Mixed Form + Whole Humber 



Fraction + Fraction 

£ + 3 = n 
8 8 

6 + 4 = 1 + n 
8 8 

2 + 3 = 1 + n 

4 4 

3 + 2 = 1 + n 
2 2 

Mixed Form + Fraction 



1 1 


+ 


1 


= n 


4 




4 




3 i 


+ 


2 


= n 


8 




8 




4 1 


+ 


1 


= n 


2 




2 




6 1 


+ 


2 


= n 


4 




4 





17 + 1 = 2 + n 

4 

3 | + 1 = 4 + n 
4§+3= 7 + n 

2|+2=4+n 

8 



Mixed Form + Mixed Form 



1 1 


+ 


1 1 = n 


4 




4 


4 I 


+ 


5 1 = n 


2 




2 


3 1 


+ 


71=n 


8 




8 


6 1 


+ 


2 £ = n 
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3 1 + 22 
8 8 

3 2+22 

8 8 



5 1 + n 
8 

5 2 + n 
8 



= 9 



— 9 



4. Extend to the addition of related fractions with unlike denominators. 



Halves and Fourths 



1 

2 

1 

2 

2 

4 

2 

4 



+ 1 = n 

4 

+ 2= n 

4 

+ 2 = n 

2 

+ 1 - n 
2 



Halves 


and 


Eighths 


Fourths 


and Eighths 


1 


+ 


3 


= n 


1 


+ 


1 = n 


2 




8 




4 




8 


2 


+ 


1 


= n 


i 


+ 


5 = n 


2 




8 








8 


2 


+ 


1 


= n 


i 


+ 


1 = n 


8 




8 




8 




4 


3 


+ 


2 


= n 


1 


+ 


2 = 1 + 


8 




2 




8 




k 



Present the following exercises for practice 

s • 



2 


+ 


1 = 1 + n 


i 2 


+ 


1 = n 


4 




2 


4 


t 


2 


6 


+ 


1 = n 


3 2 


+ 


1 = n 


8 




4 


8 




4 


6 

8 


+ 


2 = 1 + n 
4 B 


2 6 
8 


+ 


3 = n 

4 


1 


+ 


i 








2 




8 = 1 + n 


31 


+ 


2 = n 








2 




8 



21 2 
4 

13 3 
8 

52 6 
8 



+ 32 1 
2 

+ 23 1 
4 

+ 41 3 
4 



= n 
= n 
= n 



2 

2 

2 



7 

8 

2 

8 

7 

8 



+ 1 
+ 1 
+ 1 



= n 



2 

4 

2 

4 



= n 



3 2 + n 
8 



— 9 



b. Add-Use number line where necessary • 



21 + 21 + 21 =n 
2 2 2 

ll + 21 + 32 ==n 

4 2 4 



32 2 + 3 

8 4 

32 1 + 1 2 
8 4 



+ 



+ 



3 1 = n 
2 



2 1 
2 



+ 



3 2 

8 



= n 



n 
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c. Supply the missing numerals: 

16 + H + n = 23 

11= n + n 
_n + J2 = 10 

4 4 

J3 +_ A = 10 

8 8 



6* Children complete the following. They should explain the 
properly involved. 

1 + l m l +( 2 + l) 

4 8 4 \ 8 8 / 

2 + 1 = 1 + Ji 

4 2 2 □ 

5 2 + 1 = 5 + ( J2 + Z) 

48 n 8 8/ 

0 + 2 = 2 + n= n 
3 3 

2 + n - 2 

8 8 

2 + 1 = 1 + H 

8 4 4 
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OPERATIONS 



UNIT 20 - SET OF FRACTIONAL NUMBERS: SUBTRACTION ; COMMON FRACTIONAL 

FOHA; HORIZONTAL FORMAT 



NOTE TO TEACHER 



When fractional numbers are subtracted the 
denominators, just as in addition, must be 

the same* 



Since we are dealing with a set of positive 
numbers, the first fraction must be greater 
than the second, when subtracting* 

For example: Since £>r we my subtract 



i jpom 2 and have a result which is a 
4 4 



positive number* 

Subtraction of fractional numbers nay also be 
thought of as finding a missing addend. 



For example: 



Addition! Addend + addend * □ 





2 

4 


+ 


1 

4 


-a 






Subtraction 1 


' 2 
4 


+ 


a 


= 4 

4 


4 

.4 


(Sum) 




0 


+ 


i 

4 


-4 

4 


- i 

•V 


(Addend) 










i 

4 


(Addend) 


Subtraction: Addend + 


□ 


** Sum 







Subtracting a number is the inverse operation 
of add^that number. Therefore the solution 

to a subtraction problem involving rac inverse 
numbers may be verified by applying the inverse 

operation, addition* 



